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Abstract

The Castelnuovo–Mumford regularity of a module gives a rough measure of its complexity.

We bound the regularity of a module given a system of approximating modules whose

regularities are known. Such approximations can arise naturally for modules constructed by

inductive combinatorial means. We apply these methods to bound the regularity of ideals

constructed as combinations of linear ideals and the module of derivations of a hyperplane

arrangement as well as to give degree bounds for invariants of finite groups.

r 2003 Elsevier Inc. All rights reserved.

MSC: primary 13D02; secondary 52C35; 13A50

Keywords: Syzygies; Subspace arrangements; Invariant theory

ARTICLE IN PRESS

�Corresponding author. Department of Mathematics and Statistics, Mount Holyoke College, 415 A

Clapp Lab, South Hadley, MA 01075, USA.

E-mail addresses: hderksen@umich.edu (H. Derksen), jsidman@math.berkeley.edu,

jsidman@mtholyoke.edu (J. Sidman).
1Partially supported by NSF, Grant DMS 0102193.
2Supported by an NSF Postdoctoral Fellowship, DMS 0201607.

0001-8708/$ - see front matter r 2003 Elsevier Inc. All rights reserved.

doi:10.1016/j.aim.2003.10.001



1. Introduction

Let S ¼ k½x0;y; xn�; where k is an infinite field and let m ¼ ðx0;y; xnÞ be the
homogeneous maximal ideal. Throughout, all modules will be finitely generated
graded S-modules.
Our main goal is to present a method for bounding the Castelnuovo–Mumford

regularity of an S-module M in terms of the regularities of modules that form
an approximation system for M: We also show how to use an approximation
system to find which primes may be associated to M: Precise definitions are given in
Section 3.
For applications we use the technique of approximation to bound the regularity of

any ideal constructed by taking sums, products, and intersections of linear ideals. We
also discuss how our methods lead to degree bounds for invariants of finite groups
and a bound on the regularity of the module of derivations tangent to a hyperplane
arrangement.
The Castelnuovo–Mumford regularity of a module M governs the degrees

appearing in a minimal graded free resolution of M: Furthermore, if M is in
sufficiently general coordinates over a field of characteristic zero, it bounds the degrees
needed in Gröbner basis computations with respect to the reverse lexicographic
ordering on monomials (see [1]). Recent efforts from several different quarters
contribute to our understanding of how regularity behaves under operations such as
addition, multiplication, intersection, and taking radicals (cf. [2,3]).
The idea for our approximations is rooted in a method of Conca and Herzog used

to compute the regularity of a product of linear ideals (see [3]). Our generalization of
this method recaptures the original regularity bound of Conca and Herzog as well as
the bound on the regularity of intersections of linear ideals given recently by the
authors in [5].
In Section 2 we provide definitions and background on regularity. In

Section 3 we discuss general techniques for working with approximations of
modules. We give applications to combinations of linear ideals and degree
bounds for invariants of finite groups in Section 4 and applications to modules of
derivations in Section 5. Some of these results also appear in the thesis of the second
author in [20].

2. Working with Castelnuovo–Mumford regularity

In this section we review basic facts and definitions for working with
regularity. The following definition of Castelnuovo–Mumford regularity shows
how the regularity of a module governs the degrees appearing in a minimal
resolution:

Definition 2.1. Let M be a finitely generated graded module over S and let

0-Fl-?-F0-M-0
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be a minimal graded free resolution of M: We say that M is r-regular in the sense
of Castelnuovo and Mumford if Fi is generated by elements of degree pr þ i

for all i: The regularity of M; denoted regðMÞ; is the least integer r so that
M is r-regular.

Alternate formulations in terms of Tor, Ext and local cohomology (which we will
not need here) lend themselves to quick homological proofs. In particular, one can
use such methods to prove the basic fact:

Lemma 2.2 (Eisenbud [7, Corollary 20.19]). Let A; B; and C be finitely generated

graded modules over S and let

0-A-B-C-0

be a short exact sequence. Then

(a) regðAÞpmaxfregðBÞ; regðCÞ þ 1g:
(b) regðBÞpmaxfregðAÞ; regðCÞg:
(c) regðCÞpmaxfregðAÞ 
 1; regðBÞg:

In studying the regularity of a graded module M it is often helpful to understand
ð0 :M mNÞ; the submodule of all elements of M that are killed by a power of m: The

reader familiar with local cohomology will note that ð0 :M mNÞ is just H0
mðMÞ: One

can see from Proposition 2.4 that the regularity of M is always at least as large as the
regularity of ð0 :M mNÞ: Furthermore, since the regularity of a module of finite
length is equal to its top nonzero degree, reg M is always greater than or equal to the
top degree of ð0 :M mNÞ:
The following definition provides some useful terminology for discussing elements

that form a regular sequence modulo the finite length part of a module.

Definition 2.3 (Cf. Trung [21]). Let M be a finitely generated graded S-module. An
element z is filter-regular for M if the multiplication map

z : Mi
degðzÞ-Mi

is injective for all ic0: A sequence z0;y; zm is a filter-regular M-sequence if each zi

is a filter-regular element for M=ðz0;y; zi
1ÞM: Note that z is a filter-regular
element for M if and only if it is a nonzerodivisor on N ¼ M=ð0 :M mNÞ:

Proposition 2.4, due to Conca and Herzog, describes the relationship between the
regularity of M and its quotient by a sufficiently general hypersurface. It generalizes
Lemma 1.8 in [1] which is stated in terms of homogeneous ideals and a statement for
modules and hyperplanes in [7]. It is a key ingredient in the proof of Theorem 3.3
which gives a bound on the regularity of a module that is approximated sufficiently
well by modules with known regularities.
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Proposition 2.4 (Conca and Herzog [3, Proposition 1.2]). If x is a homogeneous form

that is a filter-regular element for M; then

regðMÞ ¼ maxfregð0 :M mNÞ; regðM=xMÞ 
 degðxÞ þ 1g:

3. Approximations

In this section we introduce the notion of an approximation system for a module
and develop techniques for using approximation systems to find associated primes
and regularity bounds.

Definition 3.1. Let M be a finitely generated graded S-module. We will call a finitely
generated graded S-module M 0 an approximation of M if there is a surjective
morphism

f :M7M 0

with ker f annihilated by a proper homogeneous ideal I of S:
Let M1;y;Md be finitely generated graded modules such that each Mi is an

approximation of M with morphism

fi : M7Mi

and Ii � ker fi ¼ 0 for homogeneous ideals I1;y; Id : If
P

Ii+mt for some integer t;
then we say the modules M1;y;Md form an approximation system for M of
degree t:

In Proposition 3.2 we use an approximation system to determine which primes
may be associated to M: Theorem 3.3 provides a first step in using approximation
systems to bound regðMÞ:

Proposition 3.2. If M1;y;Md form an approximation system for M of degree t then

Ass MDfmg,Ass M1,?,Ass Md :

Proof. We begin by showing that Ass M,VðIiÞ ¼ Ass Mi,VðIiÞ for each i:
Let fAM and let Annð f Þ be its annihilator ideal. If xAAnnðfið f ÞÞ; then we get

fiðxf Þ ¼ xfið f Þ ¼ 0 and xfAkerðfiÞ: For any yAIi we have yxf ¼ 0 so
yxAAnnð f Þ: We have shown

IiAnnðfið f ÞÞDAnnð f ÞDAnnðfið f ÞÞ ð1Þ

(the right inclusion is trivial). The associated primes of M and Mi are the minimal
primes (irreducible components) in VðAnnð f ÞÞ and VðAnnðfið f ÞÞ; respectively, for
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various choices of fAM: Together with (1) this implies that Ass M,VðIiÞ ¼
Ass Mi,VðIiÞ for each i:
It follows that

Ass MDAss Mi,VðIiÞDAss M1,?,Ass Md,VðIiÞ ð2Þ

for all i: Since mt+
P

i Ii; we see that
Td

i¼1 VðIiÞ ¼ fmg and now the proposition

follows from (2). &

Theorem 3.3. Let M be a finitely generated graded module over S and let M1;y;Md

be an approximation system for M of degree t: Suppose that yAS1 is a linear form

which is a filter-regular element for M and for Mi for all i simultaneously. If

regðMiÞpr 
 t for all i and regðM=yMÞpr 
 t þ 1; then we have regðMÞpr:

Proof. By Proposition 2.4 it suffices to show that regð0 :M mNÞpr: Since ð0 :M mNÞ
has finite length it is enough to show that it does not contain any elements of degree
greater than r:
Suppose that fAð0 :M mNÞ with degð f ÞXr þ 1: Choose l maximal so that we can

write f ¼ ylh for some hAM: Now also hAð0 :M mNÞ because y is a filter-regular
element for M: Let

cy : M-M=yM

be the quotient morphism. We have cyðhÞa0 because of the maximality of l: Since h

is killed by a power of m; so is cyðhÞ and therefore cyðhÞAð0 :M=yM mNÞ:
This shows that

degðhÞpregðM=yMÞ ¼ r 
 t þ 1

and lXt: In particular, we can write f ¼ ytg with degðgÞXr 
 t þ 1: A power of m

kills f ¼ ytg; and therefore also fiðytgÞ ¼ ytfiðgÞ for each i: We get that
ytfiðgÞAð0 :Mi

mNÞ which implies that fiðgÞAð0 :Mi
mNÞ because of our choice of y:

Since

regð0 :Mi
mNÞpreg Mipr 
 t;

we have that fiðgÞ ¼ 0: We obtain gA
Td

i¼1 ker fi: We can write yt ¼ y1 þ y2 þ
?þ yd with yiAIi for all i: Here I1; I2;y; Id are as in Definition 3.1. We conclude
that f ¼ ytg ¼

P
i yig ¼ 0: &

Note that Theorem 3.3 holds without the assumption that the maps fi : M-Mi

are surjective. Furthermore, the same proof goes through if we replace the
assumption that we have ideals Ii that annihilate the kernels of the fi with the
assumption that the kernel of the map M-"Mi is annihilated by a power of the
maximal ideal. In certain circumstances, the weaker condition on the annihilation of
the kernel of M-"Mi results in a better bound. In our applications Theorem 3.3 is
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used in an inductive fashion which requires the stronger condition on the kernel of
each fi:
The following lemma will be helpful for the inductive application of Theorem 3.3

in what follows.

Lemma 3.4. Let M be a finitely generated graded S-module. Then there is an open

dense subset UDSnþ1
1 such that each ðz0;y; znÞAU is a filter-regular M-sequence and

ðz0;y; znÞ ¼ m:

Proof. Let N ¼ M=ð0 :M mNÞ: Since m is not associated to N; the set of linear
forms that are filter-regular elements for M is an open dense subset of S1: Here, if
N ¼ 0 all linear forms are filter-regular elements for M: The claim follows by
induction. &

Notice that one must know a bound on the regularity of the quotient of a module
M by a sufficiently general hyperplane in order to apply Theorem 3.3. We eliminate
this hypothesis in Theorem 3.5.

Theorem 3.5. Let M be a graded module which is finitely generated in degree

pr 
 ðt 
 1Þðn þ 1Þ: Suppose that M1;M2;y;Md form an approximation system

for M of degree t such that regðMiÞpr 
 ðt 
 1Þðn þ 1Þ 
 1 for all i: Then

regðMÞpr:

Proof. The result will follow from repeated applications of Theorem 3.3. By Lemma
3.4 we can choose a sequence of 1-forms z0;y; zn that generates m and is a filter-
regular sequence for M;M1;y;Md simultaneously. Define Ljþ1 ¼ ðz0;y; zjÞ: We

will prove by decreasing induction on j that regðM=LjMÞpr 
 ðt 
 1Þj:
For j ¼ n þ 1 we get M=Lnþ1M ¼ M=mM: Since M is generated in degree

pr 
 ðt 
 1Þðn þ 1Þ; M=mM is zero in degree 4r 
 ðt 
 1Þðn þ 1Þ: It follows
that

regðM=Lnþ1MÞ ¼ regðM=mMÞpr 
 ðt 
 1Þðn þ 1Þ:

Let us assume that regðM=Ljþ1MÞpr 
 ðt 
 1Þðj þ 1Þ: We will prove that

regðM=LjMÞpr 
 ðt 
 1Þj: In order to do this, we would like to apply Theorem

3.3. We put N ¼ M=LjM and Ni ¼ Mi=LjMi for all i: Since Lj is generated by a

filter-regular sequence, Proposition 2.4 implies that

regðNiÞp regðMiÞpr 
 ðt 
 1Þðn þ 1Þ 
 1

p r 
 ðt 
 1Þðj þ 1Þ 
 1 ¼ r 
 ðt 
 1Þj 
 t:

Also zj is a filter-regular element for N;N1;y;Nd and

regðN=zjNÞ ¼ regðM=Ljþ1MÞpr 
 ðt 
 1Þðj þ 1Þ ¼ r 
 ðt 
 1Þj 
 t þ 1:
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To apply Theorem 3.3 we only need to show that N1;N2;y;Nd form an
approximation system for N of degree t: The surjective morphism

fi : M7Mi

restricts to a surjective morphism LjM7LjMi which will be denoted by #fi: Also fi

induces a morphism

%fi : N ¼ M=LjM-Ni ¼ Mi=LjMi:

We have the following diagram:

From the snake lemma it follows that %fi is also surjective and that we have an exact
sequence:

0-ker #fi-ker fi-ker %fi-0 ¼ coker #fi:

In particular, this shows that ker %fi is annihilated by Ii because kerðfiÞ is annihilated
by Ii: It follows that N1;N2;y;Nd form an approximation system for N of degree t:
We can apply Theorem 3.3 and obtain

regðNÞ ¼ regðM=LjMÞpr 
 ðt 
 1Þj:

By induction we have shown that

regðM=LjMÞpr 
 ðt 
 1Þj

for all j: In particular, for j ¼ 0 we get regðMÞpr: &

For t ¼ 1; the formulation of the theorem is nicer:

Corollary 3.6. Suppose that M is a graded module, finitely generated in degree pr:
Suppose that M1;M2;y;Md form an approximation system for M of degree 1 and

that regðMiÞpr 
 1 for all i: Then we have regðMÞpr:

With Corollary 3.7 we show that we can eliminate the hypothesis of an upper
bound on the degrees of the generators of M if M is a submodule of a direct sum of
copies of S:Note that the hypotheses of Corollary 3.7 are naturally satisfied if M is a
proper homogeneous ideal of S:
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Corollary 3.7. Let F ¼ Sl be a free module. Suppose that MDF is a graded module

and that we have graded modules M1;M2;y;MdDF and ideals I1; I2;y; Id such that

Ii � MiDMDMi 8i:

If I1 þ I2 þ?þ Id ¼ m; and regðMiÞpr 
 1 for some rX2 and all i; then regðMÞpr:

Proof. First note that regðMÞpmaxf0; regðF=MÞ þ 1g from Lemma 2.2. We have a
surjective morphism fi : F=M-F=Mi whose kernel is killed by Ii: Since

P
i Ii ¼ m;

we have that F=M1;F=M2;y;F=Md form an approximation system for F=M of
degree 1: Since

regðF=MiÞpmaxf0; regðMiÞ 
 1gpr 
 2

and F=M is generated in degree 0pr 
 1; we get regðF=MÞpr 
 1 and
regðMÞpr: &

In the applications in this paper, all approximations of ideals and modules
will be linear (i.e., of degree 1). However, variations on the notion of an
approximation of degree t seem to be useful as well. Suppose that pDS is a prime
ideal. To understand its regularity, one might approximate the ideal p with other
ideals. For example, at a certain point xAPn; the ideal might be locally a complete
intersection of f1; f2;y; fs where s is the height of p: The ideal ð f1;y; fsÞ; being a
complete intersection, will have a good regularity bound. We can find a
homogeneous fAS such that

f pDð f1;y; fsÞDp:

Now ð f1;y; fsÞ could be called an approximation of p; but it is not quite an
approximation in the sense of Definition 3.1. In fact, this type of approximation is in
a sense dual to the one in Definition 3.1 and we might call it a co-approximation. We
define a co-approximation of a module M as an injective morphism f : M 0-M such
that the cokernel is killed by a proper ideal. We can of course also define a co-

approximation system of degree t in a similar fashion. If p is locally a complete
intersection then it will have a co-approximation system of complete intersection
ideals (which have good regularity bounds).
One can develop a theory for co-approximations that is similar to the theory for

approximations presented here. We will mention only one result for co-approxima-
tions, namely Corollary 3.8 which follows from our results for approximations. We
will not pursue the theory of co-approximations here, nor will we give regularity
bounds for (locally complete intersection) prime ideals. We just would like to point
out that the scope of the methods employed in this paper are not limited to subspace
arrangements. The method of (co)-approximation of ideals may be used to obtain
regularity bounds of arbitrary prime ideals.
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Corollary 3.8. Let F ¼ Sl be a free module with graded submodules

M;M1;M2;y;Md : Suppose that I1; I2;y; Id are ideals satisfying

Ii � MDMiDM

for all i and

I1 þ I2 þ?þ Id+mt:

If regðMiÞpr 
 ðt 
 1Þn for all i; then regðMÞpr:

Proof. We choose a basis fi;1;y; fi;li of the degree t part of Ii: Let g be an arbitrary

nonzero homogeneous polynomial of large degree. Define

h ¼ g
Yd

i¼1

Yli

j¼1
fi;j:

We have

h � MDðh=fi;jÞ � MiDðh=fi;jÞ � M

for all i and j: We put M 0 ¼ F=ðhMÞ; and M 0
i;j ¼ F=ðh=fi;jÞMi: The kernel of the

surjective homomorphism M 07M 0
i;j is killed by fi;j: The ideal mt is generated by all

fi;j: Therefore, the M 0
i;j form an approximation system for M 0 of degree t: Now

regðM 0
i;jÞp degðhÞ 
 t þ regðMiÞ 
 1pdegðhÞ 
 t þ ðr 
 ðt 
 1ÞnÞ 
 1

¼ðr þ degðhÞ 
 1Þ 
 ðt 
 1Þðn þ 1Þ 
 1

for all i and j: Also note, that by taking the degree of g (and therefore the degree of h)
very large, we get that

ðr þ degðhÞ 
 1Þ 
 ðt 
 1Þðn þ 1ÞX0:

Since M 0 is generated in degree at most 0; it will also be generated in degree at most
ðr þ degðhÞ 
 1Þ 
 ðt 
 1Þðn þ 1Þ: From Theorem 3.5 it follows that

regðMÞ ¼ regðM 0Þ 
 degðhÞ þ 1pðr þ degðhÞ 
 1Þ 
 degðhÞ þ 1 ¼ r: &

4. The regularity of systems of ideals generated by linear ideals

In the course of general investigations into the regularity of products of ideals and
modules, Conca and Herzog [3] discovered that for linear ideals I1;y; Id ;
regðI1yIdÞ ¼ d: Using Corollary 3.7 it is actually possible to prove a very general
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statement about the regularity of an ideal that is a ‘‘combination’’ of linear ideals in
a sense that we will make precise in the following definition.

Definition 4.1. Let A be a set of linear ideals in S:We define CðAÞ to be the system of
ideals generated by A; where

CðAÞ ¼
[N
r¼0

CrðAÞ

with
C0ðAÞ ¼ fð0Þ;Sg;

C1ðAÞ ¼ C0ðAÞ,
X
IAB

I j BDA

( )
;

and CrðAÞ equal to
fa-b þ c j aACaðAÞ; bACbðAÞ; cAC1ðAÞ; a þ b ¼ r; 1pa; bg

,fa � b þ c j aACaðAÞ; bACbðAÞ; cAC1ðAÞ; a þ b ¼ r; 1pa; bg

,fa þ b j aACaðAÞ; bACbðAÞ; a þ b 
 1 ¼ r; 2pa; bg for r41:

Observe that for r41 each IACrðAÞ is constructed by taking sums, products, and
intersections of linear ideals (possibly with repetition) from A:
If A is the set of all linear ideals, then we write Cr ¼ CrðAÞ and C ¼ CðAÞ:

Example 4.2. Let A ¼ fðxÞ; ðyÞg: Then we have

C1ðAÞ ¼ fð0Þ; ðxÞ; ðyÞ; ðx; yÞ;Sg

and C2ðAÞ 
 C1ðAÞ equal to

fðxyÞ; ðx2Þ; ðx2; yÞ; ðy2Þ; ðy2; xÞ; ðx2; xy; y2Þ; ðx2; xyÞ; ðxy; y2Þg:

In Theorem 4.4 we will prove that each ideal in Cr is r-regular. Note that in
particular I1 � I2yId and I1-I2-?-Id lie in CdðfI1;y; IdgÞ: So Theorem 4.4
implies the main result of [5] as well as the regularity bound on products of linear
ideals in [3].
The lemma below allows us to decompose the ideals in Cr:

Lemma 4.3. Suppose that A ¼ fI1; I2;y; Idg is a set of linear ideals. Assume that

JACrðAÞ for rX1; and JeCrðA0Þ for any proper subset A0CA: Then there are ideals

J1;y; JdACr
1ðAÞ such that

Ii � JiDJDJi ð3Þ

for all i:
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Proof. The proof goes by induction on r: The intuition here is that J can be
expanded into a formula consisting of sums, products, and intersections of the linear
ideals in A: We obtain Ji by replacing Ii with S in this formula. The resulting ideal
must contain the original ideal. Furthermore, since S is the identity for intersection
and products, Ji is a good approximation of J:
Suppose r ¼ 1: The cases J ¼ ð0Þ and J ¼ S are trivial. If Jað0Þ;S; then J ¼P
IAA I because of the minimality of A:We can take J1 ¼ J2 ¼ ? ¼ Jd ¼ SAC0ðAÞ:
Suppose that JACrðAÞ for rX2: There are three cases:

(i) J ¼ a-b þ c with aACaðAÞ; bACbðAÞ; cAC1ðAÞ; a þ b ¼ r and 1pa; b

(ii) J ¼ a � b þ c with aACaðAÞ; bACbðAÞ; cAC1ðAÞ; a þ b ¼ r and 1pa; b

(iii) J ¼ a þ b with aACaðAÞ; bACbðAÞ; a þ b ¼ r 
 1 and 2pa; b:

We will assume that we are in case (i). The other cases go similarly. We can choose
minimal subsets A0;B0;C0DA such that aACaðA0Þ; bACbðB0Þ; cAC1ðC0Þ: Let A0 ¼
fI 01;y; I 0lg; B ¼ fI 0lþ1;y; I 0mg and C ¼ fI 0mþ1;y; I 0pg: By minimality of A; we must

have

fI1;y; Idg ¼ A ¼ A0,B0,C0 ¼ fI 01;y; I 0pg

(there may be repetition on the right-hand side). By induction we have ideals

a1;y; alACa
1ðA0Þ;

blþ1;y; bmACb
1ðB0Þ;

cmþ1 ¼ ? ¼ cp ¼ SAC0ðC0Þ

such that

I 0i � aiDaDai; I 0i � biDbDbi and I 0i � ciDcDci

for all i: Define

Ji ¼ ai-b þ c for i ¼ 1;y; l;

Ji ¼ a-bi þ c for i ¼ l þ 1;y;m

and

Ji ¼ a-b þ ci for i ¼ m þ 1;y; p:

Note that JiACr
1ðAÞ for i ¼ 1; 2;y; p: If 1pipl then

I 0i Ji ¼ I 0i ðai-b þ cÞDðIiaiÞ-b þ cDa-b þ c ¼ JDJi:

Similarly one can show for i ¼ l þ 1;y; p that I 0i JiDJDJi: &

Using Lemma 4.3 in combination with Corollary 3.7, we can show:
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Theorem 4.4. If JACr then J is r-regular.

Proof. First we use induction on n; where n þ 1 is the number of variables in S ¼
k½x0; x1;y; xn�: The case n ¼ 0 follows immediately, because then

Cr ¼ fð0Þ;S; ðx0Þ; ðx2
0Þ;y; ðxr

0Þg

and it is easy to see that every element of Cr is r-regular.
We now assume n40: With induction on r we will prove that every element JACr

is r-regular. This is trivial if r ¼ 0; 1; so we may assume rX2: Choose a minimal set
A ¼ fI1; I2;y; Idg such that JACrðAÞ: Suppose that

I1 þ?þ Idam:

Without loss of generality (by using a linear change of coordinates), we may assume
that

I1 þ?þ Id ¼ ðx0; x1;y; xsÞ

with son: It follows that every ideal in CðAÞ is generated by elements in the smaller
ring S0 :¼ k½x0; x1;y; xs�: In other words,

J ¼ ðJ-S0Þ#S0S:

Since the ring extension S+S0 is flat, we see that regðJÞ ¼ regðJ-S0Þ: The ideal
J-S0 lies in the class Cr for the smaller polynomial ring S0: By induction on the
number of variables of the polynomial ring, we know that J-S0 is r-regular, hence J

is r-regular.
Now let us assume that

I1 þ I2 þ?þ Id ¼ m:

We apply Lemma 4.3 to obtain J1; J2;y; Jd with

Ii � JiDJDJi for all i;

and J1; J2;y; JdACr
1ðAÞ: By induction on r we know that regðJiÞpr 
 1 for all i:
We can apply Corollary 3.7 with F ¼ S; Mi ¼ Ji for all i and M ¼ J to obtain
regðJÞpr: &

In the following proposition we show that the associated primes of any JACðAÞ
must be linear ideals.
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Proposition 4.5. Suppose JACðAÞ where A ¼ fI1; I2;y; Idg: Then

Ass ðJÞD
X
IAB

I j BDA

( )
:

Proof. We have JACrðAÞ for some r:Without loss of generality, we may assume that
A is minimal. We will prove the proposition by induction on r: If

I1 þ I2 þ?þ Idam;

then we can reduce to the polynomial ring with fewer variables. (The proposition is
easy for the polynomial ring in 1 variable.) Therefore, let us assume that

I1 þ I2 þ?þ Id ¼ m:

We can apply Lemma 4.3 to obtain ideals J1; J2;y; JdACr
1ðAÞ with IiJiDJDJi for
all i: So S=J1;S=J2;y;S=Jd form an approximation system for S=J: By induction
we know that the associated primes of S=J1;y;S=Jd are contained in

X
IAB

I j BDA

( )
:

Now the proposition follows from Proposition 3.2. &

In the next section we will show the connection between ideals inductively
constructed from linear ideals and degree bounds for invariants of finite groups.

4.1. Invariants of finite groups

Suppose that G is a finite group and that V is an n-dimensional representation of
G over the field k Then G also acts on the coordinate ring k½V �Dk½x1;y; xn� and the
ring of invariant polynomials is denoted by k½V �G: The ring k½V �G is finitely

generated (see [11,12]). In fact, if we define bðk½V �GÞ as the smallest integer d such

that k½V �G is generated by invariants of degree pd then

bðk½V �GÞpjGj:

This was proven by Noether [11] if the characteristic of the base field k is 0 or larger
than the group order jGj: If the characteristic of k divides the group order jGj then
Noether’s degree bound is no longer true. For some time it was an open conjecture
whether Noether’s degree bound would hold in the general nonmodular case, i.e.,
when the characteristic of k does not divide the group order jGj: This was proven by
Fleischmann [8] and Fogarty gave another proof independently in [9].
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Let JDk½V � be the ideal generated by all homogeneous invariants of positive

degree. If J is generated in degree pd; then bðk½V �GÞpd (see [4]). Let us define
BCV � V by

B ¼ fðv; g � vÞ j vAV ; gAGg:

Let G act on V � V where the action on the first factor is trivial and the action on the
second factor is as usual. If we define the diagonal by DðVÞ ¼ fðv; vÞ j vAVgC
V � V ; then

B ¼
[
gAG

g � DðVÞ:

So B is the union of jGj subspaces (presuming that the action is faithful). In [4], the
first author made the following observation:

Proposition 4.6. Let

bDk½V � V �Dk½x1; x1;y; xn; y1; y2;y; yn�

be the vanishing ideal of B: If b ¼ ð f1ðx; yÞ; f2ðx; yÞ;y; frðx; yÞÞ; then J ¼
ð f1ðx; 0Þ;y; frðx; 0ÞÞ: (Here x ¼ x1;y; xn; and y ¼ y1;y; yn:)

In particular, if b is generated in degree pd then so are J and k½V �G: This led to
the following conjectures:

Conjecture 4.7 (Subspace Conjecture, see [4]). If I is the vanishing ideal of a union of

d subspaces, then I is generated in degree pd:

Sturmfels made a stronger conjecture, namely:

Conjecture 4.8. If I is the vanishing ideal of a union of d subspaces, then the

Castelnuovo–Mumford regularity of I is at most d:

It was proven by the authors in [5] that both conjectures are true. In particular, the

ideal b is generated in degree pjGj and this implies that bðk½V �GÞpjGj in the
nonmodular case, which gives yet another proof of the results of Fleischmann and
Fogarty. As we have already seen, Theorem 4.4 implies Sturmfels’ conjecture (and
hence also the Subspace Conjecture).

Besides the number bðk½V �GÞ; there is another constant that seems very interesting,
namely the regularity rGðVÞ of the ideal J: In particular, J is generated in degree
prGðVÞ and therefore

bðk½V �GÞprGðVÞ:

Since k½V �=J has finite length, it is easy to see that rGðVÞ is the smallest positive
integer d such that every monomial of degree d lies in J: From Fogarty’s proof of the
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Noether bound in the nonmodular case it follows that

rGðVÞpjGj:

Again, this also follows from our results here. Let us define cGðVÞ as the smallest
positive integer d such that b lies in the class Cd : As observed earlier, cGðVÞpjGj
because b is the intersection of jGj linear ideals. Also the ideal

b þ ðy1;y; ynÞ ¼ J þ ðy1;y; ynÞ

lies in the class CcGðVÞ: This implies that J is cGðVÞ-regular, so

bðk½V �GÞprGðVÞpcGðVÞpjGj:

Schmid proved in [18] that Noether’s bound can only be sharp if the group G is
cyclic. For a noncyclic group G in characteristic 0, it was proven in [6] that

bGðVÞp3
4
jGj if jGj is even and bGðVÞp5

8
jGj if jGj is odd. This result was extended to

arbitrary characteristic in [19].
Suppose that G is abelian, with elementary divisors d1; d2;y; dl : In [18] Schmid

made the following conjecture:

Conjecture 4.9.

bðk½V �GÞp1þ
Xl

i¼1
ðdi 
 1Þ:

She also showed that

bðk½V �GÞX1þ
Xl

i¼1
ðdi 
 1Þ

for some representation V so the conjecture could not be any sharper. Schmid’s
conjecture is known to be true if G is an abelian p-group or an abelian group whose
order has at most 2 distinct prime divisors (cf. [13,14]).
The methods in this paper lend themselves to degree bounds for finite groups,

since bðk½V �GÞpcGðVÞ: Bounds for cGðVÞ can be obtained by inspection of the
geometry of the subspace configuration B: Here we will give one example where
cGðVÞ is much smaller than the expected bound jGj:
For every gAG and every subgroup HDG; we define

DgHðVÞ ¼
X

hAgH

h � DðVÞ:

Lemma 4.10. If G is abelian, then

Dg1H1
ðVÞ-?-Dgl Hl

ðVÞ ¼ f0g
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if and only if for every character w appearing in V there exist i and j such that

wðHiÞ ¼ wðHjÞ ¼ f1g and wðgiÞawðgjÞ:

Proof. Let G act on V � V (G acts on both factors in the standard nontrivial way).
Since DðVÞ is G-stable, and G is abelian, also h � DðVÞ is G-stable. This shows that
DgHðVÞ is G-stable for all gAG and all subgroups HDG: This means that DgHðVÞ is
just a direct sum of its isotypic components. Now

Dg1H1
ðVÞ-?-Dgl Hl

ðVÞ ¼ f0g

if and only if

Dg1H1
ðVÞ-?-Dgl Hl

ðVÞ-ðV w � V wÞ ¼ f0g

for every character w of G where V w is the isotypic component of V corresponding to
the character w: Now

DgiHi
ðVÞ-ðV w � VwÞ ¼ V w � Vw

if wðHiÞaf1g; and

DgiHi
ðVÞ-ðV w � VwÞ ¼ fðv; wðgiÞvÞ; vAVwg

if wðHiÞ ¼ f1g: The lemma follows.

Example 4.11. Let G ¼ ðZ=2ZÞn and let V be any representation. We prove
cGðVÞpn þ 1 by induction on n: The case n ¼ 0 is clear. We may assume without
loss of generality that V does not have the trivial representation as a summand. For
gAG and a subgroup HCG we define

CgHðVÞ ¼
[

hAgH

h � DðVÞ:

Let H1;H2;y;Hl be all subgroups of G of index 2. Choose g1;y; gl such that
gieHi: Now we have

DH1
ðVÞ-?-DHl

ðVÞ-Dg1H1
ðVÞ-?-Dgl Hl

ðVÞ ¼ f0g

by Lemma 4.10. We have

CgHi
DBDCgHi

,DHi
ðVÞ

and similarly

CHi
DBDCHi

,DgiHi
ðVÞ:

By induction, the vanishing ideals of CHi
and CgHi

¼ g �CHi
lie in Cn; since

HiDðZ=2ZÞn
1: Now the vanishing ideal of B is linearly approximated by the
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vanishing ideals of all CHi
and all CgHi

: This implies that cGðVÞpn þ 1: Al-

though B is the union of 2n subspaces, its regularity is at most n þ 1: In

particular bðk½V �GÞpn þ 1: It is not hard to prove this degree bound directly
(see also [13]).

5. The regularity of derivations tangent to a hyperplane arrangement

Arrangements of hyperplanes give rise to constructions and computations that are
interesting from combinatorial, topological, and algebraic points of view. In this
section we will show how Corollary 3.7 gives a bound on the regularity of the module
of derivations tangent to a hyperplane arrangement. This bound is inspired by work

of Schenck [17] for line arrangements in P2: General constructions of Yuzvinsky [22]
show that the bound is optimal.
We collect together some of the basic terminology used in the literature and

give some basic facts about the module of derivations associated to a
hyperplane arrangement in Section 5.1 for the readers not familiar with the
subject. The bound on the regularity of the module of derivations is proved in
Section 5.2.

5.1. Hyperplane arrangements: basic facts and definitions

Let S ¼ k½x0;y; xn� and let m ¼ ðx0;y;xnÞ: For the convenience of the reader
we collect together some facts and definitions that are well known. An expan-
ded version of the section appears in [20]. For a complete introduction to the
subject, see [15].

Definition 5.1. We define a hyperplane arrangement in Pn to be a reduced subscheme
consisting of d distinct hyperplanes, H1;y;Hd :We will denote such an arrangement
by A: We will let f1;y; fd denote a choice of linear equations with fi cutting out Hi

and let F ¼ f1yfd be the generator of the ideal of the arrangement. (Note that an
arrangement of hyperplanes in Pn

k is equivalent to a central hyperplane arrangement

in a vector space of dimension n þ 1 over k; i.e., a hyperplane arrangement in which
each hyperplane contains the origin.)

Definition 5.2. A hyperplane arrangement A is linearly general if every subset of
n þ 1 of the defining linear forms is linearly independent. We say thatA is essential if
the defining linear forms span m:

Recall that the module of derivations, DerðSÞDHomkðS;SÞ; is the set of all
yAHomkðS;SÞ satisfying the Leibniz rule

yð fgÞ ¼ f yðgÞ þ gyð f Þ 8f ; gAS:
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For example, DerðSÞ is the free module of rank n þ 1 generated by the partial

derivatives @
@xi
:

DerðSÞ ¼ S � @

@x0
"?"S � @

@xn

:

We may identify DerðSÞ with Snþ1 and this equips DerðSÞ with a grading.
We will focus our attention on the following module in the next section:

Definition 5.3. The module of derivations tangent to a hyperplane arrangement A
with defining polynomial F is denoted by DðAÞ ¼ D and is defined: D :¼
fyADerðSÞjyðFÞAðFÞg:

5.2. The regularity of the module of derivations

Independently, Rose and Terao [16] and Yuzvinsky [22] have constructed minimal
free resolutions of D in the case where the 1-forms defining the hyperplanes in the
arrangement are linearly general. It follows from Yuzvinsky’s construction that for a
linearly general arrangement of d hyperplanes in Pn; regðDÞ ¼ d 
 n; and there exist
arrangements of d hyperplanes in Pn for which regðDÞ ¼ d 
 1: Indeed, the Boolean

arrangement defined by the ideal ðx0?xnÞ is an arrangement with regðDÞ¼d
n ¼1:
It is also easy to construct examples of hyperplane arrangements with regularity
equal to d 
 1:

Example 5.4. Let A be an arrangement of points in P1 with defining equation
FAS ¼ k½x0; x1� of degree d: Then F also lives in S0 ¼ k½x0;y; xn� and defines an

arrangement A0 of d hyperplanes in Pn: (This arrangement is just a cone over d

points in P1:) Then

DðA0Þ ¼ ðDðAÞ#SS0Þ"S0 � @

@x2
"?"S0 � @

@xn

:

Schenck has shown that for lines in P2; D is ðd 
 2Þ-regular under the assumption
that the arrangement is essential [17]. It would be interesting to see if this result
extends to higher dimensions. A naive application of our methods of proof fail to
recover this bound because the condition of being essential is not stable under the
deletion of arbitrary hyperplanes.
In this section we show that for arbitrary arrangements of d hyperplanes

in Pn the module D is ðd 
 1Þ-regular. The result follows as a corollary to
Corollary 3.7.

Theorem 5.5. Let A be an arrangement of dX2 hyperplanes in Pn with defining

equation F ¼ f1yfd : Then D is ðd 
 1Þ-regular.

ARTICLE IN PRESS
H. Derksen, J. Sidman / Advances in Mathematics 188 (2004) 104–123 121



Proof. We prove the result with induction on n; where n þ 1 is the number of
variables in the polynomial ring S ¼ k½x0; x1;y; xn�: For n ¼ 1; we have

D ¼ S � @F

@x1

@

@x0

 @F

@x0

@

@x1

� 	
"S � x0

@

@x0
þ x1

@

@x1

� 	

and we see that D is ðd 
 1Þ-regular.
Suppose that

ð f1; f2;y; fdÞam:

Without loss of generality, we may assume that

ð f1; f2;y; fdÞ ¼ ðx0; x1;y;xsÞ

with son: Put S0 ¼ k½x0; x1;y; xs� and let D0 be the module of derivations along
F ¼ 0 in Ps: We have

D ¼ ðD0#S0SÞ"S � @

@xsþ1
"?"S � @

@xn

:

By induction on n we already know that D0 is ðd 
 1Þ-regular, and therefore D is
ðd 
 1Þ-regular.
We prove now by induction on d that D is ðd 
 1Þ-regular. If don; then

ð f1; f2;y; fdÞam and we are done. Suppose now that dXn and ð f1; f2;y; fdÞ ¼ m:
Let Di ¼ DðA
 HiÞ: These modules will play the role of the modules Mi in the
statement of Corollary 3.7. Note that the case d ¼ 2 ¼ n is trivial because then we
may assume the hyperplanes are defined by the vanishing of coordinates. By
induction on d; we may assume that Di is ðd 
 2Þ-regular. We claim that

fi �DiDDDDi:

In fact, let gi ¼ f1y #fiyfd : If yAD; then

yð fi � giÞ ¼ fi � yðgiÞ þ gi � yð fiÞAð fi � giÞDðgiÞ:

Since gi divides one term in the sum, it must divide both. But if gi divides fi � yðgiÞ;
since we are in a unique factorization domain, gi must divide yðgiÞ: Therefore, yADi:
For the other inclusion, suppose that fADi: Then

fi � fð fi � giÞ ¼ f 2i � fðgiÞ þ fi � gi � fð fiÞ

is clearly in ð fi � giÞ: Therefore, fi �DiDD: We can apply Corollary 3.7 and obtain
regðDÞpd 
 1: &
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