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d-dimensional WL-algorithm can distinguish many pairs of graphs,
but the pairs of non-isomorphic graphs constructed by Cai, Fiirer

gz;vsr&zmorphism Problem and Immerman it cannot distinguish. If d is fixed, then the WL-
Weisfeiler-Lehman algorithm algorithm runs in polynomial time. We will formulate the Graph
Complexity Theory Isomorphism Problem as an Orbit Problem: Given a representa-
Categories tion V of an algebraic group G and two elements v{, vy € V, de-

cide whether vq and v, lie in the same G-orbit. Then we attack the
Orbit Problem by constructing certain approximate categories Cg,
de N={1,2,3,...} whose objects include the elements of V. We
show that vq and v, are not in the same orbit by showing that
they are not isomorphic in the category Cy for some d € N. For ev-
ery d this gives us an algorithm for isomorphism testing. We will
show that the WL-algorithms reduce to our algorithms, but that
our algorithms cannot be reduced to the WL-algorithms. Unlike
the Weisfeiler-Lehman algorithm, our algorithm can distinguish
the Cai-Fiirer-Immerman graphs in polynomial time.
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1. Introduction and main results
1.1. The Graph Isomorphism Problem

Suppose that I'7 and I are two graphs on n vertices. The Graph Isomorphism Problem asks whether
they are isomorphic or not. In Computational Complexity Theory, the Graph Isomorphism Problem
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plays an important role, because it lies in the complexity class NP, but it is not known whether it lies
in P or NP-complete. See Kobler et al. (1993) for more details. Based on Valiant’s algebraic version of
the P versus NP problem (Valiant, 1979), Mulmuley and Sohoni reformulated Valiant’s P versus NP
problem into a question about orbits of algebraic groups in Mulmuley and Sohoni (2001, 2008). In
this paper, we will study the Graph Isomorphism Problem in terms of orbits of algebraic groups, but
our approach is not closely related to the work of Mulmuley and Sohoni.

For special families of graphs there are polynomial time algorithms for the Graph Isomorphism
Problem. Polynomial time algorithms were found for trees (Edmonds’ algorithm, see Busacker and
Saaty, 1965, p. 196), planar graphs (Hopcraft and Tarjan, 1973; Hopcroft and Wong, 1974) and
more generally for graphs of bounded genus (Filotti and Mayer, 1980; Miller, 1980), for graphs with
bounded degree (Luks, 1982), for graphs with bounded eigenvalue multiplicity (Babai et al., 1982),
and for graphs with bounded color class size (Luks, 1986).

A general approach to the Graph Isomorphism Problem was developed by Weisfeiler and Lehman
in the 1960s. The d-dimensional Weisfeiler-Lehman algorithm WL, systematically colors e-tuples of
vertices (e < d) until a stable coloring is obtained (see Weisfeiler and Lehman, 1968; Weisfeiler, 1976).
The d-dimensional WL-algorithm terminates with a proof that the two graphs are not isomorphic, or it
terminates with an inconclusive result. If d > n, then the d-dimensional Weisfeiler-Lehman algorithm
will distinguish all non-isomorphic graphs with n vertices. For fixed d, the Weisfeiler-Lehman algo-
rithm runs in polynomial time. The higher-dimensional Weisfeiler-Lehman algorithm can distinguish
graphs in many families of graphs. However, Cai, Fiirer and Immerman showed in Cai et al. (1992)
that for every d, there exists a pair of non-isomorphic graphs with degree 3 and O (d) vertices which
cannot be distinguished by the d-dimensional Weisfeiler-Lehman algorithm. The set of Weisfeiler—
Lehman algorithms WL = {WL;}4c is an example of what we will call a family of GI-algorithms:

Definition 1.1. A family of Gl-algorithms is a collection of algorithms A = {Ag}4en Ssuch that

(1) The input of A4 consists of two graphs with the same number of vertices. The value of the output
is either “non-isomorphic” or “inconclusive”. If the output is “non-isomorphic” then
the graphs are not isomorphic and we say that A4 distinguishes the two graphs.

(2) If the graphs are not isomorphic, then Ay distinguishes them for some d.

(3) For fixed d, Ag runs in polynomial time.

Besides the Weisfeiler-Lehman algorithm, there are other families of polynomial time algorithms
for the Graph Isomorphism Problem. In order to compare various algorithms, we make the following
definition (see also Evdokimov et al., 1999, §6):

Definition 1.2. For two families of Gl-algorithms A = {Ag}4ey and B = {Bg}qeny We say that A is re-
ducible to B if there exists a function f : N — N such that for every d and every pair of graphs
which Ay distinguishes, the pair can be distinguished by Bf). We say that A and B are equivalent
if A is reducible to B and B is reducible to A.

The Weisfeiler-Lehman algorithm is combinatorial in nature. There are also more algebraic ap-
proaches to the Graph Isomorphism Problem. The 2-dimensional Weisfeiler-Lehman algorithm can
be formulated in terms of cellular algebras (see Weisfeiler, 1976).> These algebras were introduced
by Weisfeiler and Lehman, and independently by D. Higman under the name coherent algebras
(see Higman, 1987; Friedland, 1989). In Evdokimov et al. (1999), Evdokimov, Karpinski and Pono-
marenko introduced the d-closure of a cellular algebra. One may view d-closed cellular algebras as
higher-dimensional analogs of the cellular algebras. The algorithm based on this d-closure will be de-
noted by CAy. In Evdokimov et al. (1999) it was shown that the algorithm CAy distinguishes any two
graphs which can be distinguished by WL;. In Evdokimov and Ponomarenko (1999, Theorem 1.4)

2 These cellular algebras should not be confused with a different, seemingly unrelated notion of cellular algebras introduced
in Graham and Lehrer (1996).
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it was shown that WL34 can distinguish any two graphs which can be distinguished by CA4. So
the approach with cellular algebras CA = {CA4}4cn is equivalent to the Weisfeiler-Lehman algorithm
WL = {WLg}gen.

In this paper we will define a family of Gl-algorithms ACy = {AC4}a>o using approximate cate-
gories. We will show that WL reduces to AC and that AC does not reduce to WL.

1.2. Finite variable logic

Pairs of non-isomorphic graphs that can be distinguished with the Weisfeiler-Lehman algorithm
can be characterized in terms of finite variable logic.

A graph is a pair I' = (Y, E) where Y is a finite set, and E C Y x Y is a symmetric relation. We
assume that there are no loops or multiple edges. We will write xEy if (x, y) € E. We also consider
graphs with colored vertices. A graph with m colors is a tuple (Y, E, Y1, Y2,...,Yy) where (Y, E) is
a graph, and Y is the disjoint union of Yq,..., Y. Two colored graphs I' =(Y,E,Yq,...,Yn) and
I'"=(Y',E'.Y],..., Y}, are isomorphic if there is a bijection ¢ : Y — Y’ such that xe Y; & ¢(x) € Y]
for all xe Y and all i, and XEy < ¢ (x)E'¢p(y) for all x,y € Y.

We will view a graph with m colors as a structure with 1 binary relation and m unitary relations.
To such a structure one can associate a first order language .Z. If ¢ is a closed formula in ., then
we will write I = ¢ if the formula ¢ is true for I".

Let .%; be the d-variable first order language. Formulas in .%; involve at most d variables, although
variables may be re-used. For example

@(x1,X2) = 3x3 (32 (1 Exa A X2EX3) A X3EX2)

is a formula in .25 which expresses that there exists a path of length 3 from x; to x,. Note that in
this formula, we re-use the variable x;.

A more expressive language is %y, the d-variable first order language with counting. In this lan-
guage we allow quantifiers such as 3. A formula J3;,x@(x) is true if there are exactly m elements
x €Y for which ¢(x) is true.

Definition 1.3. We say that the language %, distinguishes the colored graphs I and I’ if there exists
a closed formula ¢ in %y such that I' =@ and I'" = —¢.

Theorem 1.4. (See §5 of Cai et al., 1992.) The language ¢, distinguishes the colored graphs I" and I"’ if and
only if the (d — 1)-dimensional Weisfeiler-Lehman algorithm distinguishes the two graphs.

1.3. Approximate categories
Suppose that Y is a set of n vertices, and let U = kY = k" be the vector space with basis Y. The

symmetric group X, = X'(Y) acts on the vector space U by permuting the basis elements. We can
identify U @ U with the space Mat, (k) of n x n matrices. Define

V=UUeU® --eUk.
—_———

m
To an m-colored graph I = (Y, E, Yq,..., Yy) we can associate an element
= X non Ly D)ev.
(Y1,¥2)€E yeYy Y€Ym

If I'" =(Y,E’,Y],...,Y,) is another m-colored graph, then I" and I"" are isomorphic if and only
if Ar and A lie in the same Xj-orbit.
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In this paper we construct a category Cq = Cq(V) for every integer d > 2. Objects in this categories
are elements of Aff(V), the set of all affine subspaces of V. So an object is either the empty set or
of the form v + Z where v e V and Z C V is a subspace. We will identify v € V with the affine
subspace {v}. So we can view elements of V as objects in the category. If A and B are isomorphic
in Cq4, then we write A =, B.

Theorem 1.5. Suppose that k is a field of characteristic 0 or characteristic p with p > n, and that I'y, I'; are
m-colored graphs on n vertices. We have the following implications:

@) the language %y distinguishes I'y and I

(i) the (d — 1)-dimensional Weisfeiler-Lehman algorithm distinguishes I'y and I

U
(iii) Ar %2 A
|
(>iv) Ar, and Ar, do not lie in the same Xy-orbit
¢
V) rnzrn.

Theorem 1.6. Suppose that k = IF, where p = p(n) is a prime for all n and log p(n) grows at most polynomi-
ally. Then one can check whether two objects in C4 are isomorphic in polynomial time.

The proofs of Theorems 1.5 and 1.6 are in Section 4.2.

Theorem 1.7. [f k = IF, and I', I, are non-isomorphic 2-colored graphs constructed following the Cai-Fiirer—
Immerman method, then Ar, and A, are not isomorphic in Cs.

The proof of Theorem 1.7 is in Section 5.

Algorithm 1.8 (The family of Gl-algorithms {ACy}4en). To check whether two graphs 77 and I on n
vertices are isomorphic, we can determine whether Ar, and Ap, are isomorphic in Cy4, where we
work over the field F, and p runs over all primes < 2n.

Note that there exists a prime between n and 2n by Bertrand’s postulate (see Ramanujan, 1919). By
Theorem 1.6, WL reduces to AC, because ACyq,, distinguishes any two graphs that are distinguished
by WL,. On the other hand, for every d, Cai, Fiirer and Immerman constructed pairs of graphs that
cannot be distinguished by WLy. By Theorem 1.7, these graphs are distinguished by ACs. This shows
that AC cannot be reduced to WL. If there exists a fixed d such that AC; distinguishes all pairs of
non-isomorphic graphs, then the Graph Isomorphism Problem can be solved in polynomial time. It
is not known to the author whether such an integer d exists. If it does not exist, then for every
positive integer d there exists a pair of non-isomorphic graphs that cannot be distinguished by AC,.
But constructing such families of non-isomorphic graphs seems to be a very hard problem.

1.4. Orbit problems
The approach in this paper to the Graph Isomorphism Problem naturally generalizes to isomor-
phism problems in which the symmetry groups are algebraic groups. Fix a field k, and let k be its

algebraic closure. Suppose that G is an algebraic group defined over k, and V is a representation of G
(over k). Let G(k) be the set of k-rational points of G.

Orbit Problem. Given v1, v, € V, determine whether v; and v lie in the same G (k)-orbit.
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In Section 1.3 we formulated the Graph Isomorphism Problem as an orbit problem, where G = X,.
In Section 4 we will also translate the Module Isomorphism Problem to an orbit problem. In this
paper we attack the orbit problem as follows. Suppose that V is a representation of G. Let Aff(V)
denote the set of affine subspaces of V. The group G acts on Aff(V). We also may view Aff(V) as
a subset of Aff(V ®j k) by identifying v + Z € Aff(V) with v ® 1+ Z ® k € Aff(V ® k) for every
v € V and every subspace Z C V. For every d we construct a category C4(V). For X1, X, € Aff(V), we
will write X1 =4 X if X1 and X, are isomorphic in Cy4(V). The categories C4(V) have the following
properties:

(1) The set of objects of C4(V) is Aff(V). In particular, elements of V are objects in Cq(V).
(2) C4q(V) is a k-category, i.e., for every two objects X, Xz the set Homy (X1, X3) is a k-vector space,
and if X3 is another object, then the composition map

Homg (X1, X2) x Homg (X2, X3) — Homg(X1, X3)

is bilinear.
(3) For X1, X2 € Aff(V) we have X1 =441 X2 = X1 =4 Xo. B
(4) Two affine subspaces X1, X, € Aff(V) lie in the same G(k)-orbit if and only if X1 =4 X, for all d.

An equivariant f:V — V' is a polynomial map between two representations which is G-equi-
variant. An equivariant f:V — V’ for which V’ is an irreducible representation is called a covariant.
If k is algebraically closed, then f being equivariant means that f(g-v)=g- f(v) for all ve V and
all g € G. In the case where k is not algebraically closed, equivariance is defined in Definition 2.16.
We say that an equivariant f :V — V'’ distinguishes two elements vi, v, € V if either f(vy) =0
and f(v2) #0, or, f(v1) #0 and f(vy) = 0. It is well known that if vq, v, € V are not in the same
G (k)-orbit, then they can be distinguished by some equivariant.

For a representation V, &(V) denotes the class of all equivariants f :V — V’, where V' is any
representation. For every positive integer d, we will define in Section 3.2 a subset &y (V) C & (V).
Elements of &;(V) are called d-constructible equivariants. We have

SV)SEHV)SHV)C---

and g2 éu(V)=&E(V).

For a representation V and a positive integer d we will define in Section 3.4 a class Fy(V)
of functors F : Cy(V) — C4(V’) where V' is some representation. Elements of F4(V) are called
d-constructible functors. We have

F1(V)C F(V)C F3(V)C---.

The constructible functors are more general than the constructible equivariants in the following
sense: If f:V — V' is a d-constructible equivariant, then there exists a constructible functor
F :Cq(V) — C4(V") such that F({v}) = {f(v)} for all v € V (see Lemma 3.20). We will say that
a functor F:Cq(V) — C4(V’) distinguishes X1, X2 € Aff(V) if dim F(X1) # dim F(X2). Here, we use
the convention dim(¥) = —oo.

Theorem 1.9. Suppose that X1, X, € Aff(V). We have the following implications:

(i) the d-constructible functors distinguish X1 and X,
.o u
(i) X124 X2
N ]
(iii) X1 and X lie in distinct G (k)-orbits.
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Theorem 1.10. Suppose that v1, v, € V. We have the following implications:

(i) the d-constructible equivariants distinguish v1 and v,

(ii) the d-constructible functors distinguish v1 and v,

U
(iii) v1#d V2

4 i
(iv) v1 and vy lie in distinct G (k)-orbits.

Theorems 1.9 and 1.10 are proven in Section 4.2.
The following proposition follows from Proposition 4.8 and shows that the implication (i) = (ii) in
Theorem 1.10 cannot be reversed.

Proposition 1.11. For every d there exist examples, where vy and v, can be distinguished by 3-constructible
functors, but not by d-constructible equivariants.

2. The construction of the approximate categories
2.1. Truncated ideals

To define the approximate categories, we will need the notion of a truncated ideal. Suppose that k
is a field, and R is a finitely generated commutative k-algebra with a filtration

RoCRiCRy S

such that Ro =k, R; is a finite-dimensional vector space for all i and R;R; C R;,; for all i, j.

Definition 2.1. If S C R; then we define

d
($)a= (SN Re)Ra—e-

e=0
Definition 2.2. A subset S C Ry is called a d-truncated ideal if (S)q4 =S.

We have a chain

(89)d € ((a)a S U((SDdDa S ---.

Since Ry is finite dimensional, this chain stabilizes to a subspace of Rq which we will denote by ((S))g.
It is clear that ((S))4 is the smallest d-truncated ideal containing S. We will call it the d-truncated ideal
generated by S.

Example 2.3. Consider the polynomial ring R := k[x, y] in two variables with the usual grading,
where Ry is the space of polynomials of degree at most d. We have

y—x=—x(x=y*) —y@xy—De(x—y*xy 1),

but y —x* ¢ (x — y2,xy — 1)a.

Remark 2.4. Much of the Grobner basis theory generalizes to truncated ideals. Suppose that R = k[x1,
...,Xp] is the polynomial ring. In a polynomial ring we can choose a monomial ordering which is
compatible with the grading: if one monomial has higher degree than another monomial, then it is
larger in the monomial ordering. Then, a subset ¢ of a d-truncated ideal J is a truncated Grobner



H. Derksen / Journal of Symbolic Computation 59 (2013) 81-112 87

basis if the ideal generated by the leading monomials of elements of ] is the same as the ideal
generated by the leading monomials of elements of ¢. There is also an analog of Buchberger’s al-
gorithm. Starting with a set of generators of J, one obtains a truncated Grobner basis by reducing
S-polynomials whose total degree is < d. Since Ry is a finite-dimensional vector space, computations
with truncated ideals can be done by just using linear algebra. However, using truncated Grobner
bases exploits the ring structure and may speed up the computations. For complexity bounds, the
linear algebra approach will be good enough, so we will not explore the truncated Grébner bases in
detail here.

Proposition 2.5. Suppose that R, = R§ for all e > 1, ie., Re is spanned by all products fi f5--- fo with
f1,..., fe € Ry. Then, there exists a constant C(d) (depending on d, R and the filtration) such that (S))e =
(S)NRe foralle > C(d) and all S C Ry.

Proof. Define a ring homomorphism

y i k[x1,...,xa] > R

such that y(x1), ..., Y (xn) span Rq. Suppose that hy,...,h; € k[x1, ..., xn] generate the kernel of y,
and let | be the maximum of th~e degrees of hi,...,h;. Assume that S ng is a subspace spanned
by fi,..., fs. For all i, choose f; € k[x1,...,x;] of degree <d with y(f;) = fi. Let | be the ideal
generated by the set G ={f1,..., fs,h1,..., hy}. Then we have y(J) = (S). We can apply Buchberg-
er’s algorithm to the generator set G to obtain a Grobner basis for the ideal J. It was shown in
Weispfenning (1988) that there exists a universal bound C(d) (depending only on d, n, and [) such
that all polynomials in the reduced Grébner basis, and all polynomials appearing in intermediate
steps of Buchberger’s algorithm have degree < C(d). Following the Buchberger algorithm, it is easy
to see that y(u) € (S)c() for all elements u in the Grobner basis of J. Suppose that f € (S) N R,

and e > C(d). We can lift f to an element T such that deg(?) <e and y(?) = f. We can write
f= Zf:l aju; where uq,...,u; are elements of the Grobner basis, and deg(a;ju;) < e for all i. From
this it follows that

t
f=yH=Y"v@ywpe) Rej((SeNR;) = ((She), = (SNe. O
i=1
2.2. The category Cq

For sets S and T we denote the set of functions S — T by TS. Consider the group algebra kX,
and let R = k" be the commutative ring of all k-valued functions on X,. The spaces kX, and R are
dual to each other, and carry the usual Hopf algebra structures. We define a ring homomorphism

AR — kZnx2n
as follows. If f € R =k*n, then A(f) is the function on X, x X, given by

A(f)(g1, 82) = f(g182).

There exists a linear isomorphism between R® R and k"*Z» where f;® f, is mapped to the function

(&1, 82) = f1(81) f2(82).
We will identify R ® R with k*»**n_The linear map

A:R—RQ®R

is the co-multiplication on R. The dual map

A kX, kX, — kX,
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is just the multiplication

kX x kX — kX,

in the group algebra kX;,.

We will now define a filtration on R. We can identify X, with the set of n x n permutation
matrices. Every k-valued function on X, can be extended to a polynomial function on Mat, (k). Let
x;j with 1 <1i, j <n be the coordinate functions on Maty (k). Define Ry C R = k*n as the subspace
of all k-valued functions that are given by a polynomial in x1,1,X1,2, ..., Xy n Of degree <d.

Lemma 2.6. We have R, = R.

Proof. If f € R, then there exists a polynomial

F(X1,1,X1,25---» Xn,n) € k[X1.1,X1,2, ..., Xn.n]

whose restriction to X, is f. Using the relations xizj =X; j on Xy, we may assume that all monomials

in F are square-free. Using the relations x; jX; x = 0 = x; iXk; for j #k we can assume that these
monomials are of the form x;, j Xi, j,---Xi. j, where iy, ..., i, are distinct, and ji, ..., j; are distinct.
With these assumptions, F has degree < n. This shows that R, =R. O

We have a filtration

k=RoCR1CRC---CRa=R.

Suppose that f € R4. So f is the restriction of a polynomial F(x11,X12,...,X,n) of degree <d.
Because matrix multiplication is bilinear, the function

A(f): (g1, 82) — f(g182)

is the restriction of the polynomial

F(le,jyj,l, quyj,z,...,ZXLnyj,n)
j j j

to X, x Xy,. This polynomial has degree < d in the x-variables and degree < d in the y-variables. This
shows that

A(Rg) S Rg ® Ryg.
Dualizing the inclusion R4y C R yields a surjective map
Zq:R*=kXy — R}
which is defined by

Ed( > cgg>(f)= Y cef@

gex, geXy

for deln cgg kX, and f € Rq. We have a commutative diagram

Ry —— R4 ®Ry

L

R — R®R.
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Dualizing gives a commutative diagram

kZ, @kZ, —2 k5,

|

Ry ® R, ——=R}.

This means that the multiplication in the group algebra kX, induces a multiplication on Rj}. So the
quotient map kX, — R} is an algebra homomorphism.
Let U = k" be the representation of X, on which X, acts by permuting the coordinates. Define

V=UeUaU"ak.

This representation has dimension r =n% +mn + 1 and is given by a group homomorphism

o Xn — GL(k).
We can write p as a matrix
P11 0 Pir
pP=1 :
Pr1 - Prr
where p; j € k¥ =R for all i, j. The complexity of this representation is 2, meaning that pi,j € Ry for
all i and j.
We are now ready to define the category Cy4. Suppose that X;, X, are affine subspaces of V. Let
S(X1, X2) € R, be the subspace generated by all functions X, — k of the form
geXnr> f(g-v)

where v € X1, g € X, and f an affine function on V which vanishes on X,. Define
I4(X1. X2) = ((S(X1. X2))) ;-
We define
Homg (X1, X2) = (Ra/Ia(X1, X2))" € Ry.
We will show that the multiplication in R} induces a bilinear map

Homygy (X1, X2) x Homg(X3, X3) — Homg (X1, X3),

which will be the composition map in the category. For the proof in Section 2.4 we consider the Hopf
algebra structure of R. For f € R we define ((f) € R =k>" as the function defined by

g f(g7").

The ring homomorphism

t:R—R

is called the antipode map. It is dual to the linear map kX, — kX, that sends g to g~! for all g € %,.
For a permutation matrix g, its inverse is equal to the transpose. So the map X, — X, that sends
g € X to its inverse is the restriction of a transpose map Maty (k) — Maty 5 (k) which is linear. From
this it follows that ((R4) € Ry for all d.

The structure of R as a commutative ring, together with the co-multiplication, antipode map and
co-unit satisfies the axioms of a Hopf algebra.
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For v € V we define p(v) € V" as the function that maps g € X, to g - v. We can identify
V=V ek =V QR.
This yields a linear map
n:V—->V®R

with the following property: If veV and u(v)=3;vi® fi, then g-v=>"; fi(g)v; for all ve V and
g € Y. The map w determines the representation V (see Definition 2.15).

2.3. Calculating with polynomial functions on the symmetric group

We will identify X, with the permutation matrices in Mat, (k). Let x; ; with 1 <1, j <n be
the coordinate functions on Maty (k). The dimensions of k[x11,...,Xnn]l<q and R4 are bounded by
("5 = 0w,

If a is the vanishing ideal of X, € Mat, (k) then R is isomorphic to the quotient ring
k[x1,1,...,Xnnl/a. If agqg =Kk[X1,1,...,Xn,nl<a N @, then Ry is isomorphic to the quotient k[x1 1, ...,
Xnnl<d/agd. If we are given an explicit Grobner basis for a with respect to some total degree mono-
mial ordering, then it is easy to determine agy and Ry. However, the author does not know of any
explicit formulas for the Grobner basis of a for large n.

In this section, we will discuss an efficient way of calculating in Ry and R} without using Grébner
bases. By definition, R; consists of all restrictions of polynomials of degree < d to the symmetric
group X,. Unfortunately, the cardinality of X, is n!, which grows super-polynomially. We will see
that it suffices to restrict polynomials to a small subset of X,.

Lemma 2.7. Let H = ((12), ..., (2d + 1 2d + 2)) C X, be the subgroup isomorphic to (Z/27Z)%+1. If f is
a polynomial of degree < d that vanishes on H \ {e}, then it also vanishes on e.

Proof. Let Z be the vector space of all restrictions F|y where F is a polynomial on Mat, (k) of
degree < d. Suppose that f € Z. There exists a polynomial F of degree < d in the variables
X2i+1,2i+1, X2i+1,2i+2> X2i+2,2i+1, X2it2,2i+2 (0<i<d)

whose restriction to H is the same as f. By replacing xi42 2i4+2 by X2i+1,2i+1 and replacing Xi41,2i+2
and Xxpi4+22i+1 by 1 —X2i+1,2i+1, we may assume that F is a polynomial of degree < d in the variables
X2i+1,2i+1,1=0,1,2,...,d. Moreover, because X§i+1,2i+1 = X2i+1,2i+1 on H, we can also assume that F
is multilinear. So F lies in the span of all square-free monomials in the variables xp;11 2i4+1, 0 <i<d
of degree < d. There are 29! — 1 such monomials, so dim Z < 24+1 — 1.

Suppose that f € Z vanishes on H \ {e}. Assume that f(e) % 0. We will derive a contradiction. For
every permutation g € H, the function

g f:h— f(gh)
also lies in Z. For all g,h € H we have

@ Hh)=f(gh™)#0 & g=h
This shows that the functions

g-f, g€H

are linearly independent, so dim Z > 24+1, Contradiction. We conclude that f(e)=0. O

Lemma 2.8. Let G4, C X, be the subset of all permutations with at least n — d fixed points. If f € Ry that

vanishes on G3q , then f vanishes on X,.
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Proof. Suppose that f € Ryq vanishes on G34,. Let g be a permutation with n —m fixed points. We
will show by induction on m that f(g) =0. If m < 3d then f(g) =0 by assumption. Suppose that
m>3d+ 1. Let T C{1,2,...,n} be the set of non-fixed points of g. The set T has at least 3d + 1
elements. We can find a sequence ay,a, ..., aq4+1 € {1,2,...,n} such that a; ¢ {g~V(a), a;, g(a;)} for
all i < j. Let H be the group generated by the 2-cycles (a;, g(a;)) fori=1,2,...,d+1. Note that these
2-cycles are pairwise disjoint by construction. For every permutation h € H \ {e}, hg has > n —m fixed
points. By the induction hypothesis, f vanishes on hg for all h € H \ {e}. But then f also vanishes on
g=eg by Lemma 2.7. O

Lemma 2.9. The cardinality of G , is at most nd.

Proof. For every subset S of {1, 2,...,n} with n —d elements, there exist d! permutations that fix S.

Since there are (Z) such subsets, there are at most

n n!
df )= ——— <n?
<d> m—dr "

permutations which have >n —d fixed points. O

Let

ARy — kC3dn

be the function that maps f € Ry C kX, to the restriction of f to Gsg . By Lemma 2.8 this map is
injective. Dualizing yields a surjective map

A :kG3gn — R

If f1, f2 € R} then we can compute their product f1f2 as follows. First, we find Fy, Fz € kG3q, such
that A*(F;) = f; for i =1, 2. Within the group algebra kX, we compute the product FiF;. Note that
F1F € kGgq n. Because Fi, F», F1F; are sparse, we can compute the product Fq F» in polynomial time.
Finally, f1f2 = Eq(F1F2).

2.4. Co-algebras associated to algebraic groups

Suppose that G is a linear algebraic group over k. Let R :=k[G] be the coordinate ring of G. The
identity element e € G is defined over the field k. The multiplication G x G — G corresponds to
a homomorphism of k-algebras

A:R— RQ®R,

where ® denotes the tensor product as k-vector spaces. The ring R is a Hopf algebra with co-
multiplication A, and co-unit o, : R — k, where o, is evaluation at e € G. The inverse function G — G
defined by g~ g~! defines an antipode map ¢: R — R.

Suppose for the moment that k is algebraically closed. The group G acts on itself by left multi-
plication and it acts on the right by right multiplication. These actions correspond to right and left
action of G on R respectively. If g € G, then g acts on R on the right as the automorphism

(0g®id)oA:R—R

where o, : R — k is evaluation at g. The element g acts on the left by the automorphism
(id®og)oA:R—R.

A subspace W C R is stable under the right action if

AW)CR®W
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and stable under the left action if

AW)C W ®R.

It is stable under both actions if

AW)CWRW.

Let k again be an arbitrary field, and suppose that W C R is a finite-dimensional subspace such
that

(1) W contains k;

(2) W generates R;

B) AW)SWoeW;

(4) w)cw.

We will call such a subspace W a stable generating subspace.

Remark 2.10. For every algebraic group G, there exists a stable generating subspace W C R = k[G].
For example, if k is algebraically closed then we can construct such a subspace W as follows. Choose
a finite-dimensional subspace S C k[G] which contains k and generates the ring k[G]. By replacing S
by S+ ¢(S) we may assume that ((S) = S. The group G x G acts on G by left and right multiplication.
Let W be the space spanned by all (g1, g2) - f with (g1,82) € G x G and f € S. Then W is finite
dimensional and satisfies the four properties.

We define a filtration on R by Rg:=k and Ry := W¢ for d > 0. We have A(Rq) € Ry ® Rq and
t(Rq) € Ry, so Ry is a co-associative co-algebra. We will call R =32, Rq the stable filtration of R with
respect to the stable generating subspace W. The dual R} of Ry is an associative algebra.

Example 2.11. Suppose that G = G, = (k, +) is the additive group. Then R = k[G,] is isomorphic to
k[t], the polynomial ring in one variable. The identity element is e = 0 € k. So the co-unit is o, which
is defined by:

oo(f(®)) = f(0).
The co-multiplication

A k[t] — k[t] Q k[t] = KkI[t, s]
is defined by

A(f®)=ft+s)
and the ¢ : k[t] — k[t] is defined by

Lf®)=f(=1).

We can take W =k @ k -t C k[t]. Then we have k C W, W generates k[t], A(W) C W ® W and
(W) CW. Now Ry = wd c k[t] consists of all polynomials of degree < d. This is a natural filtration
on the ring k[t].

Example 2.12. Suppose that G = G, = (k*, ) is the multiplicative group. Then R = k[G;] is isomor-
phic to the ring k[t,t~1] of Laurent polynomials. The identity element is e =1 € Gy,. So the co-unit
is

o1 :k[t, t’l] —k
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defined by

o1(f(®) = fQ).
The co-multiplication

Akt > k[t k[t e =kt s, e s
is defined by

A(f®) = f(ts)
and ¢ : k[t,t~1] — k[t,t~1] is defined by

(FO) = F(ET).

Define W Ck[t,t™'] by W =kt~ @ k ® kt. Then we have k C W, W generates k[t,t~1], A(W) C
W ® W and (W) C W. The space Ry = W is the space of all Laurent polynomials of the form

d .
> a
i=—d
where a_g,a1_g4,...,0q €k.
Example 2.13. We go back to the notation of Sections 1.3 and 2.2. Let Y be a set of n vertices,
and X, = X(Y). We identify ¥, with the n x n permutation matrices and R = k> = k[X,] is the
space of all k-valued functions on X,. Let W = Ry be the space of restrictions of all linear functions

on Mat, (k) to X,. Then W is a stable generating subspace of R, and Rg = w4 consists of the
restrictions of polynomials of degree < d on Mat, (k) to the set of permutation matrices.

Lemma 2.14. Suppose that R = | J32 Rq is a stable filtration of R = k[G] and assume that A, B, C are sub-
spaces of Ry with

A(A)CSB®Rs+Rg®C.
Then we have

A((A)g) € (B)g ® Rg+ Rqg ® (C)q (1)

and
A((A)g) S (B)a ® Ra+ Rg ® (C))qg. (2)

Proof. For any e < d, the space R./(BNRe) ® Re/(CNR,) is a subspace of Ry/B ® Ryq/C. It follows
that

A(ANRe) S AA)NARe) S(BORg+ Ry ®C) N (Re ® Re)
= (BNRe) ®Re + Re @ (CNRe),
where the last equality follows from elementary properties of tensor products. Therefore we have
A((ANRe)Ri—e) = A(ANRe)A(Rg—e) S ((BNRe) ® Re + Re @ (CNRe))(Ri—e @ Ry—e)
- ((B N Re)Rd—e) ®Rs+Rs® ((C N Re)Rd—e)-

This shows (1). Now (2) follows by iteration. O
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2.5. The complexity of a representation
Let G be a linear algebraic group over k and fix a stable generating subspace W.

Definition 2.15. A rational representation of G is a finite-dimensional vector space V with a k-linear
map

nw:V—-VQ®R
such that the diagram
v— % -VveR
,U«l l,u@nd
V®R oA VRR®R

commutes, and (id ® o,) o u =id.

If k is algebraically closed, then we define

g-w=(>1d®og) o u(w)

for all g € G and w € V. We have the following commutative diagram

v " VR 480 v
,u,l neid \Lllf
V&R 484y o ReR id®id®oy, V&R
idgog lid@ag@oh d®og

V.
This shows that

(gh) - v =(id ® ogn) o (V) = (i[d ® Tg) o po (id @ o) o (V) = g - (- V).

Definition 2.16. Suppose that V and V' are finite-dimensional rational representations of G given by
n:V—-V®Rand ' :V' — V'QR. Alinear map f:V — V' is called G-equivariant if the following
diagram commutes:

v— " _V®R

] o

V’%-V/(X)R.

If k is algebraically closed, v € V and g € G then we have

f(g-v)=Ffo(id®ag)on)=(>[d®0y) o (f@id)op=(d®agopof(V)=g-f(V).
Since V and (V) are finite dimensional, there exists a nonnegative integers | such that
L(V)CR®V.

Let £y (V) be the smallest possible value of I for which this is true. The number £y (V) depends on
the choice of W, but we will often drop the subscript and just write ¢(V) if W is fixed. We can think
of £(V) as a measure of the complexity of the representation V.
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Lemma 2.17.

(1) £V & V') = max{£(V), £(V")};
(2) LV V) <UV)+L(V');
(3) &(V)=£(V*).

Proof.

(1) This is straightforward.

(2) The representation V and V' are given by w:V — V®R and i’ : V' — V' ® R. We have u(V) C
V ® Revy and ' (V') € V' ® Ryvry. The representation V ® V' is given by the composition w1
defined by:

VeV — "V QRQV QR—>VQV @ R®R—I®ET __y oV oR,
where m: R ® R — R is the usual multiplication given by ) ;a; ® b; = Y _; a;b;. We have
U (VeV)cVeRy @V &Ry,
so
w'(VeVv)cideideom) (Ve V' ® Ry ®Ryv)) SV & V' ® Ryv)Revr
CVRV' ®Ryv)+ev)-
(3) Let u*:V* — V* ® R be the dual representation of u:V — V ® R. We have
(f®Vou(v)=(v®id)ou*(f)
where veV =V** and f e V*. If £(V) =d, then u(v) e V® Ry, and
(v@id)ou*(f) =(f @0 (u(v)) € (f @DV ® Rg) S t(Rg) S Ry.
It follows that u*(f) € V* ® Ry. This shows that £(V*) < £(V) < d. Similarly, we have ¢(V) =
LV <evr). o

Example 2.18. Suppose that G = G, is the additive group as in Example 2.11 and that k is a field of
characteristic 0. Let V4 be the (d 4+ 1)-dimensional indecomposable representation of G4 (d > 0). We
can choose a basis xg, x1, ..., X of Vg4 such that the action pg: Vg — Vg ® R is given by:

t2 ti
HaXi) =% @1+ X1 ®f+xi—2®5+---+xo®ﬁ~

It follows that w(Vy4) € V4g ® Ry and ug(Vy) gz V4 ® Rg_1. We conclude that £(V4) =d. If V is any
representation, then V is of the form

V=Vg @ - &V
and

£(V) =max{dy,...,d;}.

Example 2.19. Suppose that G = Gy, is the multiplicative group as in Example 2.12. For d € Z, let
V4 =k be the irreducible 1-dimensional representation of G, defined by g : V4 — V4 ®R, where gy
is given by

pra(H =1®t"
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Then we clearly have ¢(Vy) =|d|. Since Vg4, d € Z are all irreducible representations, any representa-
tion V can be written as

V=leea~-~eavdr.

Then we have
(V) =max{ldi], dal, ..., Idr|}.
2.6. Definition of the approximate categories

For a subspace Z C V we define Z-={f e V*|VveV f(v) =0}

Suppose that X1, Xy € Aff(V). If k is algebraically closed, then the inclusion g- X1 C X, (g € G)
yields a system of polynomial equations in k[G]. Namely, if X; and X, are nonempty then we
can write X1 =vq{ + Z; and Xy = vy + Z,. Let V* be the dual of V and Zj- be the space of all
f € V* which vanish on Z;. For every function f € ZZl C V* and every w € X; we have the equation
f(g-w)= f(vy). In other words,

(f®id)ou(w) — f(v2) ® 1 €k[G]

vanishes on g. The latter equation makes sense, even if k is not algebraically closed.
Definition 2.20. Let S(X;, X2) be the span of all

(f ®id) o u(w) — F(v) ®1= (f ®id)(se(w) — va @1)
with f € Zj— and w € X1. We define S(@, X) = {0} for X € Aff(V) and S(X, @) = {1} if X € Aff(V)\ {#}.

Lemma 2.21. If X1, X3, X3 € Aff(V), then we have
A(S(X1, X3)) € S(X2, X3) ® Ryv) + Revy ® S(X1, X2).
Proof. Suppose that X; =v; + Z; for i =1, 2, 3. We have

H(v2) —v3®1eV ®S5(Xz, X3) +Z3® Ryv),

and

U(Z2) CV ®S(Xa, X3) +Z3 @ Ry(v).
It follows that

(id® A)(u(vi) —v3®1)
=@{d®A)ou(vi) —v3®1Q1
=URid)ouv) —v3®1®1=u®id) o (L(v1) —v2®1) + (n(v2) —v3®1) ® 1
€ (u®id)(V ® S(X1,X2) + Z2 ® Revy) + V ® S(X2, X3) @ Revy + Z3 ® Revy ® Reqv)
CV®Ryv)®S5(X1,X2) +V ®S(X2, X3) @ Ryqv) + Z3 Q@ Ryv) @ Rev)y-

If f € Z5, then we have

A((f @id)(n(v) —v3®1))
=(fRid®id)(ild® A(u(v1) —v3®1))
C(f@id®id)(V ® Ryv) ® S(X1, X2) + V @ S(X2, X3) ® Revy + Z3 ® Revy ® Rev))
C S(X2, X3) ® Revy + Rev) ® S(X1, X2). O
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For X1, Xy € Aff(V), define

Ia(X1, X2) = ((S(X1. X2))),
for all d > ¢(V). We also define

Ioo(X1, X2) = (S(X1, X2)) € R.
For d > ¢(V) we have

I9(X1, X2) S Ig11(X1, X2) S - -+,

where I (X1, X2) = UDd Ij(X1, X2). For d > £(V) we have a natural linear map v/ : Rq/I4(X1, X2) —
Rg+1/la+1(X1, X2). This gives us a chain of linear maps

Ra/Ia(X1, X2) = Rat1/la41(X2, X3) = Raya/lgt2(X1, X2) = -+ -. (3)

There also is a natural linear map vy : Rq/14(X1, X2) = R/Ix (X1, X2) for all d. We have y 10v%4 = ya
for all d. By Proposition 2.5, there exists a constant C = C(¢(V)) such that y; is injective for large
d > C. This implies that 4 is injective for large d. This shows that R/l (X1, X2) is the direct limit of
the chain (3).

If k is algebraically closed g,h € G and gX; C X,, hX; C X3 then we have (hg)X; C X3. The
corollary below expresses this simple fact in terms of truncated Hopf algebras, and it also makes
sense and is true if k is not algebraically closed.

Corollary 2.22. For X1, X3, X3 € Aff(V) we have
A(la(X1, X3)) S 13(X2, X3) ® Rg + Rg ® 14(X1, X2).
Proof. This follows from Lemma 2.14 and Lemma 2.21. O

For X1, Xy € Aff(V) and d > ¢(V), define

Homg (X1, X2) = (Ra/Ia(X1. X2))".
We also define

Homeo (X1, X2) = (R/Iso(X1, X2)) .

It follows from the definitions and Hilbert’s Nullstellensatz that

Homoo(X1,X2) #0 & Iso(X1,X2)#R & 3geGk), g-Xi S Xo.

Now Homy, (X1, X3) is the inverse limit of the diagram

--- = Homg 5 (X1, X2) = Homg 1 (X1, X2) = Homgy (X1, X3).

The map y; : Home (X1, X2) — Homg(X1, X2) is onto for d > C large enough, where C = C(¢(V)) is
a constant depending on ¢(V).

Definition 2.23. For d > ¢(V), the category C4(V) is the category whose objects are elements of Aff(V)
and in which for X1, X, € Aff(V), Homg (X1, X3) is the set of morphisms from X; to X;.

Corollary 2.24. There exists a constant C such that for all X1, X, € Aff(V) andd > C, we have

Homy(X1, X2) 04 3geG(k), g-X1S Xz
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and

X1, Xo are isomorphicin C4(V)

¢
Homy (X1, X2) # 0 and Homy (X3, X1) #0

¢
X1, Xy are in the same G (k)-orbit.

We can view Homg (X1, X2) as a subspace of R;. From Corollary 2.22 it follows that A induces
a linear map

A:Rg/la(X1, X3) = Ra/la(Xa2, X3) ® Ra/Ia(X1, X2).
Dualizing gives a linear map
Homy (X1, X2) ® Homg (X2, X3) — Homg (X1, X3)

which corresponds to a bilinear multiplication

Homy (X1, X2) x Homg (X2, X3) — Homg (X1, X3).
This multiplication is associative, because R} is associative as a Hopf algebra.
Example 2.25. Consider the group G = Gy, as in Examples 2.12 and 2.19. Let V = V3 & V5. We have

L(V)=5.Let vi=(1,1),vy = (2,1) € V. We will compute Homs(v1, v3). The equation t - v; = v,
gives us the equations

3—2, ¢ —1.

So S(v1,vy) is spanned by these two polynomials. We have

22 —1=( = 1) =2 (2 —2) € (S(v1.v2))s.
t—4=2(—2) —t(2t* = 1) € ((S(v1.v2))5)s € Is(v1, v2),
31= (22— 1) = 2(t +4)(t — 4) € I(v1, v2)5.

Let us assume that 31 is invertible in k. Then we have 1 € I(vq,Vv3)s, so I(vq,Vv2)s = Rs and
Homs(vq, vp) =0.

Suppose that X1 = {vq} and X, = {(x,x) | x € k} € V. We will compute Homs (X7, X3). The sub-
space Xy is defined by x, —x; =0, and t - v{ = (t3,t5), so S(Xj, X2) is spanned by the polynomial
t> —t3. We have t2 — 1 =t3(t> — £3) € (S5(X1, X2))5. We have that

(S(X1, X2))s =1(X1, X2)5

is the space spanned by
et —1), 2 -1), ..., 2 -1).

The space Rs/I5(X1,X3) is 2-dimensional and spanned by 1 + I5(X1, X2),t + I5(X1, X2). So
Homs (X1, X3) is 2-dimensional as well.

Remark 2.26. Let G = G, as in Examples 2.11 and 2.18. Suppose that V is a representation with
L(V) <d, and Xq, X, € Aff(V). Then S(X1, X) is spanned by polynomials of degree < d. From the
Euclidean algorithm in k[G4] = k[t] it follows that (S(X1, X2)) N Rg = I4(X1, X2). So we have

Homy(X1,X2) #0 & 3Jtek, t-X;CXa.

In particular, X; and X, are in the same G(k)-orbit if and only if X7 =4 Xo.
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The same result holds for G = G, because k[Gn,]=k[t,t1] is also a Euclidean domain. For other
groups G, it is possible that X1 =4 X3 for X1, X € Aff(V) with £(V) =d, but X1, X are not in the
same G (k)-orbit. Still, we know that if X1, X, are not in the same G (k)-orbit, then X; 2. X, for some
e>0.

3. Properties of the approximate categories
3.1. Some elementary properties

If Z is a representation with ¢(Z) < d, then the homomorphism w: Z — Z ® R restricts to

Ww:Z—>Z®Ry.

If f eR% then (id® f) o is an endomorphism of Z. One can verify that Z has the structure of
an Rj-module, where the multiplication is defined by

f-w:=01dQ f)o u(w).

For any X1, Xy € Aff(V), Homy (X1, X») is a subspace of R%, so Homg(X7, X2) acts on any representa-
tion Z with £(Z) <d.

Lemma 3.1. Suppose that X1 = v+ Z1 and Xy = vy + Z,. If f € Homg (X1, X2) then f - X1 C f(1)vy + Z>.

Proof.
For w € X7 and h € Z;- we have

(h®id)o u(w) =h(vy) ® 1.
If we apply f, we have

h(f-w)=ho(d® f)opuw)=foh®id)ouw)=f(h(va)®1) = f(Dh(va).
Therefore, h(f -w — f(1)vy) =0, so we get that f-we f(1)va+Z;. O
Corollary 3.2. If X1 =4 X5 then dim X; = dim X.
Lemma 3.3. Suppose that 0 € Xy and 0 ¢ X5. Then Homy (X1, X2) =0.

Proof. Write X, = v, + Z,, and choose f € Zj- with f(vy) #0. Then

(f®id)opu(0) = f(v2) @ 1T=—f(v2)®1
is a nonzero multiple of 1 € Ry(v). It follows that I;(X1, X2) = R4 and Homy(X1, X2) =0. O

3.2. Constructible equivariants

Definition 3.4. Suppose that d is a positive integer. We inductively define the notion of a d-con-
structible equivariant:

(1) if f:V — V' is G-equivariant and linear, and ¢(V), £(V') <d, then f is d-constructible;

(2) if f1, fo: V — V' are d-constructible, and A1, Ay € k, then A1 f1 + Ay fo is d-constructible;

(3) if £(V1) +€(V,) < d, then the bilinear map V{ ® V, — V1 ® V; defined by (vq,v2) > vi ® vy is
d-constructible;

(4)if f1:Vqy — Vy and f, : V, — V3 are d-constructible, then the composition f; o fi is
d-constructible.

We will denote the class of d-constructible equivariants with domain V by &3 (V).
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Proposition 3.5. Suppose that f : V — V' is a d-constructible equivariant with f(v1) =0 and f(v3) # 0.
Then we have Homy(v1, v2) = 0. In particular, v1 and v are not isomorphic in C4(V).

The proof will be given after Lemma 3.20.

3.3. The class of (2d)-constructible equivariants &g is at least as powerful as %y, the d-variable order logic
with counting

Consider again the setup of Sections 1.3 and 2.2. Let Y be a set with n elements. Consider the
symmetric group G = X (Y) = X, and let U = k" be the vector space with basis Y. We will write
u®m for

U®---U.
| ——

m

To a subset S € Y™, we can associate an element tensor(S) € U®™ defined by
tensor(S) = Z X1 R ®Xn.
We can construct a bilinear multiplication  : U®™ @ U®™ — U®™ as follows. If xq,...,Xm, Y1,
..,¥Ym €Y, then we define

X1Q--Qxm if(X1,....%m) =1,.... Ym);

X R X =
X1 Q- Qxm)* (Y1 ® - ® Ym) {O otherwise.

Define 1=,y x. For every i, we define the linear map pr; : U®d  y®d py

Pri(x1 ® - X)) =X1 Q- ®X_1 91 X11 Q- QXm

for x1,...,xnm € Y. Note that %pr,- is a projection.
For m < d, the equivariant maps « and pr; defined above lie in &4(U ®dy,
Suppose that my, ..., ms are positive integers. Define

V:U®m1 @---@U®m5 dk
and let & = &;(V). Define 14: V — U®? by

14(v, ..., v, 0) =a(1®---®1).

Then 14 lies in &54(V).

If YCY™ for i=1,2,...,s, then I' = (Y,Yq,...,Ys) is a structure with s relational sym-
bols. Let £ = £4(mq,...,ms) be the d-variable first order language for this structure, and let
G4q = %4(my, ..., ms) be the d-variable language with counting. For I" = (Y, Y1, ..., Ys), define

Ar = (tensor(Y1), ..., tensor(Ys), 1) € V.
Definition 3.6. Suppose that ¢(x1, ..., xy) is a formula in %3, and

f:v—u®,

We say that f represents ¢, if

flAp)= ) x®--®x

for all Yq,...,Ys.
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Theorem 3.7. Suppose that k is a field of characteristic 0 or p > n. Then every formula ¢(x1, ..., Xq) in €y is
represented by an equivariant f € &q(V).

Proof. For y1,..., ym; € {X1,...,Xq}, the formula Y;(y1,..., ym,) is represented by an equivariant lin-
ear map

vV — U®d,

The formula x; = x; is represented by an equivariant linear map.

Suppose that @1(x1,...,%4) and @a(xq,...,xq) are represented by the covariants fi, fo € &q(V)
respectively. Then f1 x f, represents the formula @1 A @2, and f1 x f2 € & (V).

If (x1,...,xq) is represented by f € &4(V), then =@ (x1, ..., Xq) is represented by 15 — f.

Suppose that g(t) is a polynomial in t. Define an equivariant [q(t)]: U®? — U®? by

[q(t)]( > oty de1®-~-®><¢1>= > . )@ @K

If we write q(t) =tu(t) + a then we have

[a®] ) =[u®](v)*v +av.

It follows by induction on the degree of q(t) that [q(t)] lies in &q(U®?) for all polynomials q(t).
Suppose that ¢ (x1, ..., Xq) is represented by an equivariant f. There exists a polynomial q(t) € k[t]
with q(b) =1 and q(j) =0 for je({1,2,...,n}\ {b}. The formula

Ipxi (X1, ..., Xd)

is represented by the covariant [q(t)]opriof fori=1,2,...,d. O

Corollary 3.8. Suppose that k is a field of characteristic 0 or p > n. Suppose that I' = (Y, Yq,...,Ys), ' =
(Y, Y], ..., Y;) are two structures (for example graphs) and

f(Ar)=0<% f(Ar)=0
forevery f € &4(V). Then we have

FrepelE=q¢

for every closed formula ¢ in 6.

3.4. Constructible functors

For the following definition, the reader should bear in mind that Homy (X1, X2) is a subspace of R}
for every representation V with £(V) < d and every two objects X1, X of C4(V).

Definition 3.9. We will call a covariant functor F : Cq(V) — C4(V’) very faithful if F(¢) = ¢ for every
morphism. A contravariant functor F : Cq(V) — C4(V') is called very faithful if F(¢) = ¢ ot for every
morphism ¢.

Note that a very faithful functor F : C4(V) — C4(V') is uniquely determined by how it acts on
objects.

Lemma 3.10. Suppose that £(V), £(V') < d. There exist very faithful covariant functors F, G, H : Cq(V) —
Cq(V") such that F(X) =0, G(X) = {0}, H(X) = V' for all X e Aff(V). Also, for every A € k there exists
a very faithful functor Z : C4(V) — Cq(k) such that Z(X) = {A} € Aff(k) for all X € Aff(V).
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Proof. This is clear because

Homyg (4, #) = Homg ({0}, {0}) = Homy(V', V') = R}
and for {1} € Aff(k), we have Homg({A}, {}) = R} as well. O

Lemma 3.11. Suppose that £(V),£(V') <d and f : V — V' is G-equivariant and linear. Then there exists
a very faithful covariant functor F : Cq(V) — Cq(V’) such that F(X) = f(X) for all X € Aff(V).

Proof. Suppose that X; = v1 + Z1, X3 = vy + Z» lie in C4(V). Because f is equivariant, we have
a commutative diagram

vt - ver,
fl J/f@d
V/—>V'®Rq.

We can write f(X1) = f(v1) + f(Z1) and f(X2) = f(v2) + f(Z2). The space S(f(X1), f(X2)) is
spanned by elements of the form

(g®id)opu(f(w)) —g(f(v2)) @1
where g € f(Z3)" and w € X;. Define h=go f € Zzi. We have
(g@id)ou(f(w)) —g(f(v2))®1=(g®id)o (f ®id) o u(w) — g(f(v2)) ®1
=(h®id) o pu(w) —h(v2) ® 1 € Sa(X1, X2).

This shows that S(f(X1), f(X2)) € S(X1, X2). Following the definitions, it is easy to see that this
implies Homy (X1, X2) € Homg(¢(X1), ¢(X2)). O

Lemma 3.12. Suppose that £(V), £(V’"), £(V") <d, and F' : C4(V) — Cyq(V') and F" : C4(V) — Cq(V")
are very faithful covariant (resp. contravariant) functors. Then there exists a very faithful covariant (resp. con-
travariant) functor F : C4(V) — Cq(V' @ V") such that F(X) = F'(X) ® F"(X) for all X € Aff(V).

Proof. Suppose that X1, Xp € Aff(V), and let X} = F'(X1), X, = F'(X2), X{ = F'(X1), X)) = F'(X3).
It is straightforward to verify that

S(X) @ X1, X5 @ X5) =S(X1, X5) + S(X{, X5).
We have

S(X1. X2) € ((SX1. X2))-

Similarly, we have

(X7, X3) € (S(X1, X2)))»

o
(X1 @ X7, X3 @ X3)))g € (S(X1. X2))),-
This implies that

Homg(X1, X2) € Homg(X} @ X/, X, ® X)) = Homg(F(X1), F(X2)). O
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Definition 3.13. Suppose that X C V, X’ C V' are affine subspace. We define X® X' CV ® V' as
the affine subspace spanned by all x ® x' with x € X and x' € X’. Suppose we write X =v + Z and
X' =v'+Z whereveV, v eV’ and Z C X,Z' C X’ are subspaces. Then we have

XX =vVvV+ZZ +kv®Z +ZQkv'.

Lemma 3.14. Suppose that £(V), £(V') + £(V") <d, and F' : C4(V) — Cq(V") and F" : C4(V) — Cq(V")
are very faithful functors. Assume that both are covariant (resp. contravariant). Then there exists a very faithful
covariant (resp. contravariant) functor F : Cq4(V) — Cq(V' ® V") such that F(X) = F'(X) ® F"(X) for all
X € Aff(V).

Proof. Let e = ¢(V'). One can verify that
(X1 ® X7, X3 @ X3) © S(X}, X3)Ra—e + ReS (XY, X3)
C ((S(X1. X2))) ,Ra—e + Re((S(X1. X2)));_, € (S(X1. X2))) -

It follows that

(S(x1 @ X7, X3 ® X))y < (X1, X2)))

and therefore
Homg(X1, X2) € Homg(X] ® X{, X, ® X5) =Homg(F(X1), F(X2)). O
Definition 3.15. If X C V is an affine subspace, then we define
Xt={fev*|fx)y=1forallxe X}.
If0e X, then XT =¢.If 0¢ X, then XT+ =X.

Lemma 3.16. Suppose that £(V) < d. There exists a very faithful contravariant functor D : Cq(V) — Cq(V*)
such that

D(X) = X"
for all X € Aff(V).

Proof. Suppose that X1, X, € Aff(V). The action of G on V is given by
n:V—->VQ®Ry.

The action of G on V* is given by
WV = V*QRy

such that
(h®1) o pu(v) = (v ®id) o u*(h)

for all h e V*, v € V = V**. Suppose that X1 = v1 + Z1, Xo = vo + Z, € Aff(V). The case 0 € X3 is
clear, because then D(X3) =¥ and Homy(D(X3), D(X1)) = R}. The case where 0 € X; and 0 ¢ X is
also clear, because we have Homg(X1, X2) = 0. So we may assume that 0 ¢ X7 and 0 ¢ X3. Choose
uq, uy € V* with u1(Xq) = {1}, and uy(X3) = {1}. Then we have D(X1) =u1+Y1 and D(X3) =uy+Y>,
where Y; = (kv; + Z;)* for i =1, 2. The space S(D(X2), D(X1)) is spanned by elements of the form

(feidop*(w) - fu)®@1=weou(f) - fu)®1 (4)
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with f e Y =kvi+Z;,and weuy + Y, C ZZL. In fact we only need those f for which f € X1 =
V1 + Z1. Then (4) is equal to

(f®id)opu* W) —T=wWDou(f) —1=wW®eou(f) —wvy)
=1((w®id) o u(f) — w(v1)) € 1(S(X1, X2)).
From this it follows that
Homgy (X1, X2) € t*(Homy(D(X2), P(X1))). O
Definition 3.17. We inductively define the notion of a d-constructible functor.

(1) The constant functors F, G, H, Z in Lemma 3.10 and the duality functor D in Lemma 3.16 are
d-constructible. The functor F associated to a G-equivariant linear map as in Lemma 3.11 is
d-constructible.

(2) If 7/, F” are as in Lemma 3.12 and they are d-constructible, then the very faithful functor F
defined by F(X) = F(X) & F"(X) is d-constructible.

(3) If 7/, F” are as in Lemma 3.14 and they are d-constructible, then the very faithful functor F
defined by F(X) = F'(X) ® F"(X) is d-constructible.

(4) A composition of d-constructible functors is again d-constructible.

Corollary 3.18. If X1, Xy € Aff(V), X1 =4 X3 and F : C4(V) — Cq(V') is a d-constructible functor, then
F(X1) =4 F(X3). In particular, we have

dim F(X7) =dim F(X>).
Lemma 3.19. Suppose that F, F' : C4(V) — Cyq(V') are d-constructible functors, either both covariant or
both contravariant. Then there exists a d-constructible functor G : C4(V) — Cq(V') defined by G(X) =
F(X) N F(X).
Proof. If 0 ¢ X7 and 0 ¢ X», then we have (X] + X;)™ = X; N Xo. In V &k, we have
+ \+
(X1 x{(1)"+ (X2 x {1)") " =X1 N Xz x {1}

So if Z:Cyq(V) — Cq(V @ k) is just the inclusion, and P : Cq(V @ k) — C4(V) is just the projection,
then we define G by

GX)=PoD(DoZoF(X)+DPoZoF'(X)). O

Lemma 3.20. Suppose that f : V — V'’ is a d-constructible equivariant. Then there exists a d-constructible
functor F : Cq(V) — Cq(V") with F({v}) ={f(v)} forallv e V.

Proof. This follows easily from the inductive definitions (Definitions 3.4 and 3.17). O

Proof of Proposition 3.5. Suppose that f: V — V' is a d-constructible equivariant with f(v{) =0 and
f(v2) #0. By Lemma 3.20 there is a d-constructible functor F : Cq(V) — C4(V’) with F({v}) = {f(v)}
for all v € V. We have Homg(v1, v2) € Homg(f(vy1), f(v2)) =0 by Lemma 3.3. O

Lemma 3.21. Suppose that v, vy € V and

dim F(v1) =dim F(vy)

for all d-constructible functors F. Then f(v1) =0 < f(v2) = 0 for every d-constructible equivariant.
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Proof. Suppose that f:V — V' is a d-constructible equivariant. There exists a d-constructible functor
F:Cq(V) — Cq(V") with F({w}) = {f(w)} for every w € V by Lemma 3.20. Define a d-constructible
functor 7' with F'(X) = F(X) N {0}. Suppose that w € V. If f(w) =0, then F'({w}) = {0} and
dim 7' ({w}) =0. If f(w)#£0, then 7/ ({w}) =0 and dim F' ({w}) = —oc0. O

4. The module isomorphism problem
4.1. Reformulation of the module isomorphism problem

Suppose that M and N are (left) n-modules of the free associative algebra T = k(x1,...,x;), and
we would like to test whether M and N are isomorphic. We can choose a basis in M and identify M
with k™. The action of x; is given by a matrix A;. Similarly we can identify N with k™. The action of x;
is given by a matrix B;. An isomorphism is an invertible linear map C : M — N such that CA; = B;C
for all i. This is equivalent to CA;C~! = B; for all i. Let V = Mat, n(k)". Then GL,(k) acts on V by
simultaneous conjugation. The following lemma follows from the discussion above:

Lemma 4.1. The modules M and N are isomorphic if and only if A= (A1, ..., A;) and B= (B4, ..., By) liein
the same GLj, (k)-orbit.

Proposition 4.2. Let_lz be the algebraic closure of k. The modules M ® k and N ®y k are isomorphic if and only
if M ®y k and N ®y k are isomorphic as T ®y k-modules. In other words, A and B lie in the same GLy (k)-orbit
if and only if they lie in the same GL,(k)-orbit.

Proof. Suppose that M ®k and N_®klz are isomorphic T ® k-modules. Then there exists an invertible
matrix C € GL, (k) with entries in k such that CA; = B;C for all i. There exists a finite field extension L
of k such that all entries of C lie in L. It follows from Kraft and Riedtmann (1986, §5, Lemma 1)
that M and N are isomorphic T-modules if k is a finite field. Suppose that k is infinite. Choose a basis

hi,hy, ..., hy of L as a k-vector space. We can write
C= Z h;C;
J
where C; is an R-module homomorphism from M to N for all j. Let C(s1,S2,...,8) = 29:1 siC;
where s1,...,s; are indeterminates. Since C(hy, ..., h;) is invertible, we have detC(hy, ..., h;) #0. So
detC(s1,...,Sr) is not the zero polynomial. Since k is infinite, we can choose a1, ..., a; € k such that
detC(ay,...,ar) #0. Then C(ay,...,a;) is an isomorphism between M and N. O

Theorem 4.3. (See Chistov et al., 1997; Brooksbank and Luks, 2008.) There exists an algorithm for determin-
ing whether two n-dimensional modules M and N are isomorphic which requires only a polynomial number
(polynomial in n and r) of arithmetic operations in the field k.

In the theorem, the field k is fixed. Even if k is not fixed, say k =F; and logq grows polynomially,
then the algorithm still runs in polynomial time.

4.2. The isomorphism problem in k-categories

A category C is a k-category, if Hom¢ (M, N) is a vector space for every two objects M and N, and
the composition map

Hom¢ (M, N) x Hom¢ (N, P) — Home (M, P)

is k-bilinear for all objects M, N, P. Assume we have any k-category C with finite-dimensional
Hom-spaces. Suppose that M and N are two isomorphic objects in C, and let T = Hom¢ (N, N). Then T
and Hom¢ (M, N) are isomorphic as left T-modules.
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Lemma 4.4. Suppose that M and N are isomorphic, and ¢ : T — Hom¢ (M, N) is an isomorphism of
T-modules. Then ¢ = vr(1) is an isomorphism between M and N.

Proof. Since 1 generates T as a T-module, ¢ = ¢ (1) generates Hom¢ (M, N) as a T-module. Suppose
that y : M — N is an isomorphism. Since y € T, there exists T € Hom¢ (N, N) =T such that y = t¢.
So ¢ has a left inverse. The map

@ :Hom¢ (N, M) — Home (N, N)

defined by @(A) = @A is injective because ¢ has a left inverse. Since dimHom¢(N, M) =
dimHom¢ (N, N) < co we have that @ is surjective. Therefore idy lies in the image of @. This implies
that ¢ has a right inverse as well. O

To test whether any two objects M, N are isomorphic, we can proceed as follows.

(1) First test whether T and Hom¢ (M, N) are isomorphic as T-modules. If they are not isomorphic,
then M and N are not isomorphic. Otherwise let ¥ : T — Hom¢ (M, N) be an isomorphism of
R-modules.

(2) Let ¢ = ¥(1). Test whether ¢ is an isomorphism. This is easy, because testing whether ¢ has
a left and a right inverse just boils down to a system of linear equations. Now M and N are
isomorphic if and only if ¢ is an isomorphism.

Proof of Theorem 1.6. We can use this approach for the categories C4. Note that

dimHomg (X1, X2) < dimRy

for all d because Homy(X1, X2) is a subspace of Rj. For fixed d, dimRy is bounded above by
a polynomial in n, the number of vertices. Following the discussion in Section 2.4 we can compute
Homy (X1, X2) in polynomial time. We have reduced the isomorphism problem in C4 to the isomor-
phism problem of modules, and by Theorem 4.3 the isomorphism problem of modules can be solved
in a polynomial number of arithmetic operations in the field k. O

Let k be the algebraic closure of k. We construct a new category C ®; k, where the objects are the
same as the objects of C, but

Hom,g (M, N) = Home (M, N) ® k.

Proposition 4.5. Suppose that M, N are objects in C. If M ® k, N ® k are isomorphic in C ®y k, then they
are isomorphic in C.

Proof. Suppose M and N are objects in C which are isomorphic in C ® k. Let T =Hom¢ (N, N). Then
T ®y k is isomorphic to Home (M, N) ® k as a T ® k-module. From Proposition 4.2 it follows that T
and Hom¢ (M, N) are isomorphic as T-modules. Let ¢ : T — Hom¢ (M, N) be an isomorphism and
define ¢ = v(1). Then ¢ extends to an isomorphism ¥ ®id: T Q@ k: T ®, k — Hom¢ (M, N) ®j k of
T ®y k-modules and ¢ ® 1 =1(1) is an isomorphism by Lemma 4.4. We can write

l
@D'=> yi®q
i=1
where ai,az, .. .,q €k are linearly independent over k and a; = 1. Then we have

1
id=(@®No@e)™'=) (pn) da.
i=1
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It follows that gy; =id for i=1 and @y; =0 for i > 1. Therefore, ¢ has a right inverse. Similarly ¢
has a left inverse, so ¢ is an isomorphism. 0O

Proof of Theorem 1.9. The implication (i) = (ii) follows from Corollary 3.18. It is easy to verify that
the category Cq(V ®k k) (working over the field k) is equal to Cq(V) ®k k. Suppose that X1, X; € Aff(V)
are in the same G(k)-orbit, say g- X1 = X, for some g € G (k). We may view g as an element of R} ®¢k
if we identify g with the function Ry ®; k — k which is evaluation at g. Then g € Homy (X1, X2) ®x k,
and g~ ! € Homy(X2, X1) ® k is its inverse. This shows that X, X are isomorphic in C4(V) Q k. By
Proposition 4.5, we have that Xy, X, are isomorphic in C4(V). The implication (ii) = (iii) follows. O

Proof of Theorem 1.10. The implication (i) = (ii) follows from Lemma 3.21. The other implications
follow from Theorem 1.9. O

Proof of Theorem 1.5. The equivalence (i) < (ii) is Theorem 1.4. The implication (ii) = (iii) follows
from Corollary 3.8 and Theorem 1.10. The implication (iii) = (iv) follows from Theorem 1.10. The
equivalence (iv) < (v) is clear. O

4.3. The categories C4(V) for the general linear group

Let G be the group GL,(k). Let U = k" be the standard n-dimensional representation. We can
identify G with the variety

{(C, D) e Hom(K", U) x Hom(U, k") | DC = I,} U™ x (U*)".

Let W be the subspace of k[G] spanned by the constant functions, and the functions induced by lin-
ear functions on U" x (U*)". So W is isomorphic to U™ @ (U*)" @ k as a representation of G. We
have ¢(U) = £(U*) = 1. This choice of W gives us now a filtration of R = k[G]. For an n-dimensional
vector space V every weakly decreasing sequence A = (Aq,..., A) € Z" corresponds to an irreducible
representation S*(V) of GL(V). If A, > 0 and A1 <0 for some r, then we have that $*(V) is a sub-
representation of

YUt g (U*)Bhr ),

It follows that £(S*(V)) < >0 1 |Ail, where | - | denotes the absolute value.
Define

V = Maty (k)" =End(U)"

where G acts on V by simultaneous conjugation. We have ¢(V) = 2.

The remainder of the section is dedicated to the proof of Proposition 1.11. Let T = k(x1,...,X;)
be the free associative algebra with r generators, and M and N be an n-dimensional T-modules
represented by A = (A1,...,A;) €V and B=(By,..., B;) € V respectively.

Let T-mod be the category of finite-dimensional left T-modules.

Proposition 4.6. There exists a functor F : C3(V) — T-mod such that for every n-dimensional T-module M
that is represented by A = (A1, ..., Ar) we have F(A) = M.

Proof. Let (C, D) € G. We can write C = (¢;;j) and D = (d; j). Then I3(A, B) is the 3-truncated ideal
generated by the entries of the matrices CD — I, DC — I and CA;D — B for i=1,2,...,r. Then the
entries of CA; — B;C = (CA;D — B;)C — CA;(DC —I) also lie in I3(A, B). The coordinate functions
C = (ci,j) define a linear map 7 : R* — Homy (k", k™). It follows that 7 (Homg(M, N)) € Homg (M, N).
So we define F(¢) =m(¢) for all ¢ € Homyg(M,N). O

Corollary 4.7. The elements A = (A1,...,A;), B=(B1,..., By) lie in the same orbit if and only if A and B
are isomorphic to C3(V).
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Consider now the case were r = 1. As the following proposition shows, the size needed for a co-
variant to distinguish two orbits may be excessively large:

Proposition 4.8. Let

0 1 00
C=(O 0>’D=<0 O)EMatz,z((C)

and define the block matrices

C C
A= and B=

C D

in Matop 2, (C). The group GLyn(C) acts on Maty, 2n(C) by conjugation. Then A, B do not lie in the same
GL2n (C)-orbit. If ¢ : V. — V' is a covariant which distinguishes the orbits of A and B respectively, then we
have dim(V’") > 3" and £(V') > 2n.

Proof. Define V = End(U). Then V = Maty; 2,(C), and GL(U) = GL,;(C). We can write U = U1 @
.+- @ U, where U; = C2. We can view End(U;) & --- ® End(U,) as a subalgebra of End(U). Now
A,Be€End(Uy)® ---®End(U,) CEnd(U) are given by A= (C,C,...,C) and B=(C,C,...,C, D).

Suppose that ¢ : V — V' is a covariant, where V' is an irreducible representation of GL(V). If
@(A) =0, then ¢(B) =0 because B lies in the orbit closure of A. Suppose that ¢(A) # 0 and ¢(B) =0.
As a representation of GL(U7) x --- x GL(Uy), V' may not be irreducible. Let Z; ® --- ® Z, be an irre-
ducible summand of V" as a GL(U7) x --- x GL(Uy) representation, such that p(¢(A)) # 0, where p is
the GL(U1) x --- x GL(Uy)-equivariant projection V' — Z1 ® --- ® Zy, and Z; is an irreducible repre-
sentation of GL(U;) for all i. Let ¢ : End(U1)&®---®End(U;) —> Z1®--- ® Z, be the restriction of po ¢.
We have q(A) # 0. Suppose that dim Z; = 1 for some i. Let B’ = (C,...,C,D,C,...,C). Then B and B’
are in the same GL(V)-orbit, so ¢(B’) =0, and hence q(B’) = 0. Now B’ lies in the SL(U;)-closure
of A. Since q is SL(U;)-invariant, we get q(A) = q(B’) = 0. Contradiction. Hence dim Z; > 2. Since Z;
must be an irreducible representation of PSL(U;), we even have dim Z; > 3. It follows that

dimV’ > (dimZ;)--- (dim Z,) > 3".

Let us write V/ = S*(U) for some A= (A1, ..., Azn) € Z2" and Z; = S (U;), where u® = (u?), /Lg)).
From dim(Z;) > 3 it follows that /Li’) — /,Lg) > 2 for all i. The representation of GL(U) restricts to
GL(Uqp) x --+ x GL(Up) according to the Littlewood-Richardson rule. We have the following inequali-

ties:
A= Z Mgl)
i
and
)b2n < Z /'Lg)-
i
Taking the difference gives us
n . .
A=D1l 2 2 = Ao 2 D) — ) >2n,
i i=1

It follows that £(V') >2n. O
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Remark 4.9. Define ¢ : End(U) — End(/\" U) by

@(E)y=EA---AE.

Then ¢(A) #0 and @(B) = 0. Note that End(/\" U) is not irreducible. There exists an irreducible
summand W of End(/\" U) such that p(p(C)) # 0, where p : End(A\"U) — W is the projection. If
we set ¢ = p o ¢, then q is a covariant that distinguishes the orbits of A and B. Note that dim W <
dimEnd(A\" U) < 4™

5. The Cai-Fiirer-Immerman examples

Cai, Fiirer and Immerman showed that for every positive integer d there exist non-isomorphic
2-colored graphs I' and I’ such that I' ~4 I''. To explain this result, we need to describe the
construction of Cai, Fiirer and Immerman which, given a graph Q, produces two non-isomorphic
2-colored graphs I'(Q) and I''(Q) (see Cai et al., 1992, §6).

Suppose that Q = (Y, R) is a graph. Let E = {{x, y} | (x, ¥) € R} be the set of edges in the graph.
For every vertex x € Y, we define E(x) = {e € E | x € e}, the set of edges which are incident with x.
We define a vertex set Y(Q)=Y1(Q)UY>(Q), where

Y1(Q) ={cxs|x€S, SSE®), |S|iseven},

and

Y2(Q) ={axe |x€Y, ec E@)} U {bye |x€Y, ec EX)}.
We define the edge set E(Q) by

E(Q)={{axe.cxs}|x€Y, e€ S} U{{bxe.cxy}|x€Y, e¢S}
U {{axe. dae} | X.y €Y, e € EQNEW} U {{bxe.bae} |x, y €Y, ec E)NEW)}.

We also define another edge set E’(Q) as follows: We choose two special vertices X, ¥ such
that € = {x,J} € E is an edge. To obtain E’(Q), remove {az; a;;} and {bs; by;} from E(Q)
and add {azz. by} and {ay; bzs). Let R(Q) and R'(Q) be the symmetric relations correspond-
ing to the edge sets E(Q) and E(Q’) respectively. We now have two 2-colored graphs: I'(Q) =
(Y(Q), R(Q), Y1(Q), Y2(Q)) and I'"(Q) = (Y(Q), R'(Q), Y1(Q), Y2(Q)).

The following proposition follows from Lemma 6.2 of Cai et al. (1992). We will give a proof here,
because a crucial lemma is based on this proof.

Proposition 5.1. The graphs I"'(Q) and I''(Q) are not isomorphic.

Proof. Let M be the adjacency matrix of I"(Q) with entries in the field F,. Since Y(Q) =Y1(Q) U
Y,(Q), M has the following block form:

A1 Ay 2)
M= ' '
(A2,1 Az
where Aq 1, Ay are symmetric and Aj = Ag’l. Similarly, let
A1 A1z
M = ' '
<A2,1 Alz,z
be the adjacency matrix for I"/(Q).

Let

B=(Az1 Azz). and B =(Ay1 A),).

The proposition now follows from the lemma below. O
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Lemma 5.2. We have

rank(B) =3|E| 4+ |Y| —2

and
rank(B') =3|E| +|Y| — 1.

Proof. The image im(B) of B is equal to im(Az 1) +im(Az2). The space im(Ajz 1) is spanned by all
Zax,e + Z bx,e
eeS ecE(x)\S

with xe Y, S € E(x) with |S| even, and im(A3 ) is spanned by all

Qxe +aye, bx.e + by,e

with x € Y and e € E(x). It is clear that dimim(A; ;) = 2|E|. For e = {x,y} € E, define a, =
axe +im(A22) = ay e + im(Az2) and be = by + im(A22) = by + im(Az2) € k*El/im(A;2). Now
im(B)/im(Az,2) is spanned by all

Zae—i- Z be
eeS ecE(x)\S

where x € Y and S €Y with |S| even. Note that a, + b, +as + by € im(B)/im(A) for all xe Y,
e, f € E(x). Since Q is connected, it follows that ae 4 be +ay + by € im(B)/im(Az2) for all e, f € E.
Let Z C im(B) containing im(A3) such that Z/im(Az>) is spanned by all ao + be +ar + by. The
dimension of Z/im(A, ) is |E| — 1. Now im(B)/Z is spanned by all elements of the form

> btz
ecE(x)

with x € Y. Since Q is connected, it follows that dimim(B)/Z = |Y| — 1. We conclude that

rank(B) = dimim(B) =2|E|+ (|[E| — 1) 4+ (|Y| — 1) =3|E| +|Y| — 2.

We can do a similar computation for rank(B’). First of all dimim(A) ,) = 2|E|. Let € = {X, J} be the
special edge. For e = {x, y} #¢, we define a; = ax e +1im(Aj) ;) and b, = by e +im(A; ,). For €= (X, J/}
we define aé =0z +im(A, ,) =bj; +im(A’2’2) and b’é =bys +im(A’2’2) =aj;z € im(A,z,z)‘ Let Z/CB
be the space containing im(A/zﬁz) such that Z’/im(A/z,z) is spanned by all a, + b, + a’f + b’f with
e, f € E. We have dim(Z’/im(A’zyz)) = |E| — 1. Finally, im(B")/ dim(Z’) is spanned by all

> b +27
ecE(x)
with x€ Y and x # 5, and
( ) a;) T be
ecE(M)\(€)
It is easy to see that dim(im(B")/dim(Z’)) = |Y|. So we obtain

dim(im(B')) =2|E|+ (|[E| = 1)+ |Y|=3|E|+|Y|-1. O

Definition 5.3. A separator of a graph Q = (Y, R) is a subset S C Y such that the induced subgraph
on Y \ S has no connected component with more than |Y|/2 vertices.
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The following theorem is Theorem 6.4 in Cai et al. (1992).

Theorem 5.4. Suppose that Q is a graph such that every separator of Q has at least d + 1 vertices. Then I' (Q)
and I'’(Q) cannot be distinguished by the d-variable logic with counting.

There exists a family of graphs T4 with the following properties: T4 has O (d) vertices, every vertex
in Ty has degree 3, and every separator has at least d + 1 vertices. Then I'(Ty) and I''(Ty) have
0(d) vertices, and I'(Tq) ~q I'(T}). Every vertex of I'(Ty) or I''(Tq) has degree 3. This shows that
for fixed d, the d-dimensional Weisfeiler-Lehman algorithm cannot distinguish all graphs of degree 3.
However, it is possible to distinguish graphs of bounded degree in polynomial time. Such an algorithm
was given in Luks (1982).

Proof of Theorem 1.7. Suppose that k=, and Q = (Y, E). We will show that Ar) and A (q)
can be separated by a 3-constructible functor. We have Ar,Ar, e V=UQ® U U DU @ k. Let
p1,p2:V — U be the two projections onto U, and q:V — U ® U = End(U) be the projection
onto U ® U. Then we have pa(Arq)) = P2(Ar Q) = Dyexyq)% Let §: U — U ® U be de-
fined by §(x) =x ® x for all x € X(Q). Then §(p2(Ar(g))) =8(p2(Ar@)) eURU=UQU* =
End(U) is the projection of onto the span of X>(Q). The compositions q(Ar(q)) o 8(p2(Ar(q))) and
q(Arq)) o 8(p2(Ars(q))) are given by the matrices B and B’ in the proof of Proposition 5.1. Define
the following 3-constructible functors: The functor

Fi1:C3(V) — C3(End(U))
is defined by the 3-constructible equivariant linear map § o p. The functor
F>:C3(End(U)) — C3(End(U) ® U)
is defined by
F(Z)=ZxU.
The functor
F3:C3(End(U) ® U) — C3(U)

is defined by the equivariant f ® v+ f(v). Let F4 :C3(V) — C3(End(U)) be defined by the equivari-
ant linear map q. Then F3 o F, o F1 and JF4 are 3-constructible, and

Fa® (F30F20F1):C3(V) — C3(End(U) ® V)
is constructible. Define a 3-constructible functor G : C3(V) — C3(U) by
G=T30(F4® (F30F0F)).

Then we have G(Ar(q)) =imB and G(Ar/(q)) =imB’. By Lemma 5.2, we have dimG(Ar(q)) #
dimG(Ar(q)), so G distinguishes Ar(g) and Ar/(q). O

6. Open problems

We finish with some open questions:
Problem 6.1. Does AC; distinguish all pairs of non-isomorphic graphs for some d?

A positive answer to this problem implies that the Graph Isomorphism Problem lies in the com-
plexity class P.

Suppose that I'7, I are (colored) graphs constructed using the Cai-Fiirer-Immerman method. We
know that Ar, and Ar, are non-isomorphic in C3(V), assuming we are working over the field F; (see
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Theorem 1.7). The proof heavily relies on the fact that we are working over the field F,. So a natural
question to ask is:

Problem 6.2. Are A, and Ap, non-isomorphic in C3(V), even if we are working over a field of
characteristic other than 2?

If we work over a base field k = Q, then the size of the rational numbers may grow exponentially
if we do arithmetic operations such as multiplications and additions. So it is a priori not clear whether
algorithms for testing isomorphism in C4(V) run in polynomial time.

Problem 6.3. If we work over the base field k = Q, can we test for isomorphism in C4(V) in polyno-
mial time?

One may expect that there is a probabilistic algorithm for testing isomorphism in Cy4(V) by work-
ing over I, for various random primes p for which log(p) is polynomial in the number of vertices.
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