ON A NON-VANISHING CONJECTURE OF KAWAMATA
AND THE CORE OF AN IDEAL

By EErO HYRY and KAREN E. SMITH

Abstract. We show, under suitable hypotheses which are sharp in a certain sense, that the core of an
m-primary ideal in a regular local ring of dimension d is equal to the adjoint (or multiplier) ideal of
its d-th power. This generalizes the fundamental formula for the core of an integrally closed ideal in
a two-dimensional regular local ring due to Huneke and Swanson. We also find a generalization of
this result to singular (nonregular) settings, which we show to be intimately related to the problem
of finding nonzero sections of ample line bundles on projective varieties. In particular, we show
that a graded analog of our formula for core would imply a remarkable conjecture of Kawamata
predicting that every adjoint ample line bundle on a smooth variety admits a nonzero section.

1. Introduction Let / be an ideal in a commutative ring. By definition, the
core of I is the intersection of all sub-ideals having the same integral closure
as I. Because the notion of integral closure is so fundamental, the core is a
natural and interesting object. Originally defined by Rees and Sally in [37], the
first substantial progress in understanding core is due to Huneke and Swanson
in [22], who proved that the core of an integrally closed m-primary ideal [ in a
two-dimensional regular local ring is equal to the adjoint (or multiplier) ideal of
I2. Since then, the algebraic properties of core have been thoroughly studied; see,
for example, [6] and [7]. Our own interest in the core is motivated by seemingly
unrelated geometric concerns: the core of a certain ideal governs whether or
not an ample line bundle on a projective algebraic variety has a nonzero global
section.

The purpose of this paper is two-fold. On the algebraic side, we find structure
theorems for the core naturally generalizing the Huneke-Swanson results to the
higher dimensional and singular case. On the geometric side, we show how a
sufficiently good understanding of the core of a certain ideal in a very special kind
of graded ring would settle a remarkable conjecture of Kawamata predicting that
“adjoint” nef divisors are always effective. In particular, our higher dimensional
singular version of the Huneke-Swanson formula for core can be viewed as a local
analog of Kawamata’s conjecture. Our work shows that commutative algebraists
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1350 E. HYRY AND K. E. SMITH

and algebraic geometers, working completely independently of each other and
motivated by very different problems, both discovered and conjectured different
facets of the same beautiful—and still largely buried— mathematical diamond.

It is perhaps no surprise that multiplier (adjoint) ideals arise in the search
for nonvanishing theorems for nef line bundles. In recent years, multiplier ideals
have found many rich applications to algebraic geometry, particularly to issues of
effectiveness; see [8], [42]. Originally defined as ideals of holomorphic functions
belonging to a certain weighted L2-space, multiplier ideals can also be developed
purely algebraically (see [34]) or algebro-geometrically (see [9] or [31]). Recently,
multiplier ideals have been used to prove surprising new results in commutative
algebra as well; see [10] and [11].

1.1. The motivating geometry. Let X be a complex smooth projective
variety and let L be an ample line bundle on X. Being ample, the line bundle

LI"=LQRL® ---®L
Netssie, e’

n times

has many global sections for large enough n. On the other hand, L itself need
not have any sections at all. A fundamental unanswered question in algebraic
geometry is this: what n is large enough so that L” has even one nontrivial global
section?

As stated, there is no general answer to this question; there is no uniform »
that works for all line bundles on a given variety X. So we must restrict attention
to particular classes of bundles. For example, suppose that L is an adjoint bundle,
that is, that L is of the form Kx ® H where H is some ample line bundle and Kx is
the canonical bundle of X. The Kodaira vanishing theorem implies that the higher
cohomology groups of L must all vanish, but as pointed out by Ambro in [2], not
a single example is known in which the zeroth cohomology group also vanishes.
In fact, even for numerically effective (“nef”) line bundles L of the form Kx @ H
where H is ample, the celebrated theorem of Shokurov guarantees that L" has
many sections for sufficiently large n [40]; again, in all known examples, L itself
already has a nonzero section.

In [25], Kawamata conjectured that every numerically effective line bundle
L adjoint to an ample line bundle must have a nonzero global section: that is,
if L is of the form Kx ® H for some ample H, then L” has a nonzero section
for every n > 1. More generally, Kawamata stated his effective nonvanishing
conjecture in a singular, logarithmic version, indeed, under the same general
hypothesis of Shokurov’s nonvanishing theorem (or of the “Base Point Free
Theorem™) [25]:

CONIECTURE 1.1.1. Let D be any numerically effective (“nef”) Cartier divisor
on a normal projective variety X. If there exists an effective R-divisor B such
that the pair (X, B) is Kawamata log terminal and such that the R-Cartier divisor
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ON A NON-VANISHING CONJECTURE OF KAWAMATA AND THE CORE OF AN IDEAL 1351

D — (Kx + B) is big and nef, then the line bundle Ox(D) has a nonzero global
section.

(Note: One can get interesting, but less technical statements by taking B to
be zero and X to be Gorenstein: then the condition that (X, B) is Kawamata log
terminal amounts to X having rational singularities. For the basic terminology
of singularities of pairs used here, we recommend [29] or [30] as a general
reference.)

This remarkably strong conjecture was first raised as a question by Ambro
in [2]. For curves it is trivially true and for surfaces it can be shown using a
Riemann-Roch argument [25, Theorem 3.8], but in higher dimensions it seems
quite surprising. For example, Conjecture 1.1.1 predicts that the linear system
of every nef divisor on a smooth Fano variety is nonempty; in particular, every
Fano variety admits an effective anti-canonical divisor. For smooth varieties for
which Ky is trivial, Conjecture 1.1.1 asserts that every big and nef line bundle
has a nonzero section; in particular, every ample line bundle on a Calabi-Yau
manifold admits a nontrivial global section. At the opposite extreme, Conjecture
1.1.1 guarantees the existence of nonzero sections for the bi-canonical bundle on
a smooth minimal model of general type.

1.2. From geometry to algebra. Kawamata has shown that in order to prove
Conjecture 1.1.1, it suffices to prove the case where D is ample [25, Theorem 2.2].
This opens up the possibility of using commutative algebra.

Given a pair (X, D) consisting of a normal projective variety X and an ample
divisor D, consider the section ring

S = P H(X, Ox(nD)),

neN

a normal, finitely generated graded ring whose associated projective scheme re-
covers X. As we describe in detail in Section 6, Kawamata’s Conjecture leads
naturally to an equivalent statement about the graded core of a certain submodule
of the canonical module wg of S. This statement takes its simplest form in the
case where D = —Kx is the anti-canonical bundle on a smooth Fano variety. In
this case, the section ring S is Gorenstein and the line bundle —Kx will have a
nonzero section if the formula

)] gradedcore (/) = adj (%), where d = dim S,

holds for the integrally closed ideal I = S>, generated by elements of degrees at
least n, for some (equivalently, every) fixed large n. Here the graded core of /
is the intersection of all homogeneous subideals whose integral closure is I, and

This content downloaded from 99.9.115.68 on Mon, 26 May 2025 15:38:20 UTC
All use subject to https://about.jstor.org/terms



1352 E. HYRY AND K. E. SMITH

adj (I?) is the adjoint ideal (or multiplier ideal) of I¢. (The definition is recalled
in Section 5.3).

For more general pairs (X, D), the section ring S will not be Gorenstein, so
the usual notion of a multiplier ideal need not be defined. However, we overcome
this difficulty by using an alternate construction of adjoint module; this adjoint
module is a submodule of ws rather than an ideal of S, agrees with the adjoint
ideal for local Gorenstein rings after fixing an isomorphism wg = §, but seems
better suited for working on singular varieties. (The point is that its definition
does not require the existence of a relative canonical divisor.) In this more general
setting, we show that D has a section if

) gradedcore (Iws) = adj (Iwg), where d = dim S,

holds for the ideal I = S>,, n > 0, where gradedcore (ws) is the intersection
of the submodules Jws in wg, as J ranges over all homogeneous ideals J whose
integral closure is 7, and adj (I%ws) is the adjoint module, as defined in Remark
6.0.7.

Thus it may be possible to prove Kawamata’s Conjecture by proving formulas
(1) or (2) for section rings of divisors D satisfying the conditions of Kawamata’s
hypothesis. Such section rings are very special: for example, in the Fano case
above, the Rees ring S[/r] turns out to be Cohen-Macaulay and even to have
rational singularities; even for more general pairs, the Rees ring S[/f] still has
the very strong property that its irrelevant ideal is a Cohen-Macaulay module.
Under the strong conditions imposed by the geometric hypothesis, we hope to
eventually prove formula (2) and hence Kawamata’s Conjecture. What we do in
the current paper is a local version of just that.

1.3. The main algebraic results. Guided by the conjectural formulas (1)
and (2), we prove formulas for the core of an ideal / in a local ring A satisfying
hypotheses satisfied by the ideal I = S>, in the special section rings S arising
from a pair (X, D) satisfying the assumptions of Conjecture 1.1.1. For example,
a special case of our main theorem produces the following higher dimensional
(and singular) version of the Huneke-Swanson formula for core mentioned in the
opening paragraph:

THEOREM 1.3.1. Let (A, m) be a Gorenstein local ring of dimension d essentially
of finite type over a field of characteristic zero, and let I be an m-primary ideal of
A. If the Rees ring A[lt] of I has rational singularities, then

(3) core (I) = adj (I),

where adj (I?) denotes the adjoint (or multiplier) ideal of the ideal I°.

Although the assumption above that the Rees ring has rational singularities is
quite strong, it is quite natural for two reasons. First, it is satisfied when S is the
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ON A NON-VANISHING CONJECTURE OF KAWAMATA AND THE CORE OF AN IDEAL 1353

section ring of the anti-canonical divisor on a Fano variety and I = S>,, n > 0.
Thus Theorem 1.3.1 can be viewed as a “local version” of (1) and hence a local
version of (a special case of) Kawamata’s Conjecture. Second, it always holds
whenever [ is an integrally closed ideal in a two-dimensional regular local ring,
the setting of the Huneke-Swanson formula. In fact, we also show that under
some further restrictions, rational singularities of A[/f] is necessary and sufficient
for formula (3) to hold (see Theorem 5.3.1).

Passing away from the Gorenstein (and even Cohen-Macaulay) case, as we
must in order to prove Kawamata’s Conjecture in full generality, we arrive at a
similar result inside the canonical module:

THEOREM 1.3.2. Let (A, m) be a local ring essentially of finite type over a field
of characteristic zero, and let I be an m-primary ideal such that the irrelevant ideal
of the Rees ring A[lt] is a Cohen-Macaulay A[lt]-module. Then if Y = Proj A[lf]
has rational singularities,

core (Iwy) = adj (I%wy) := T(Y, IYwy)

as submodules of wa where d is the dimension of A.

Theorem 1.3.2, then, can be interpreted as a local version of (2), and so a local
analog of Kawamata’s Conjecture. Indeed, its hypothesis is precisely satisfied by
a section ring S of a pair (X, D) satisfying the hypothesis of Conjecture 1.1.1.
Therefore, for such a section ring, Theorem 1.3.2 implies that

) core (Iws) = adj (I°ws)

where I = S>, is the ideal generated by the elements of degrees at least n > 0
and d is the dimension of S. We conjecture that furthermore

(5) gradedcore (Iws) = adj (I%ws)

holds, which, as we show in Section 6, implies Conjecture 1.1.1. The difference
between (4), which we prove to be true, and (5), which implies Kawamata’s
Conjecture, is that in the latter we are intersecting over only homogeneous ideals
J. On the other hand, since both intersections are actually finite and there are
plenty of homogeneous reductions, it is reasonable to expect that perhaps equality
holds. This, however, seems to be a very subtle question.

Our formulas for core also elucidate the relationship between the core and
the coefficient ideals of Aberbach and Huneke (see Corollary 5.4.1), and support
some very general conjectures of Corso, Polini and Ulrich, which built on the
Huneke-Swanson work; see [7]. For example, we prove:

THEOREM 1.3.3. Let (A, m) be a Cohen-Macaulay local ring containing the
rational numbers and let I be any equimultiple ideal of positive height. If the Rees
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1354 E. HYRY AND K. E. SMITH

algebra A[lt] is Cohen-Macaulay, then
corel =J™*: I" forr>>0,
where J is any minimal reduction of 1.

This formula for core is conjectured in more general settings in [7].

The format of the paper is as follows. Section 2 summarizes some back-
ground material and conventions, while recording various technical lemmas for
later use. Section 3 forms the technical heart of this paper. Here we prove our
main technical theorem, Theorem 3.0.2, describing the core module core (Iwy)
of an ideal in the canonical module as an “adjoint-type” module. Theorem 3.0.2
requires a certain Briangon-Skoda-type hypothesis, and in Section 4, we identify
some natural classes of rings and ideals for which these hypotheses are satisfied.
In Section 5, we pull together these results to deduce our main local results,
including Theorems 1.3.1 and 1.3.3. Finally, in Section 6, we show how Kawa-
mata’s Conjecture reduces to a purely algebraic statement about the graded core
analogous to our main results in the local case.

Throughout this paper, all rings and schemes are assumed Noetherian, and
are assumed to possess a dualizing complex. The notation (A, m) denotes a local
ring whose unique maximal ideal is named m. For an affine scheme SpecA, we
frequently abuse terminology by deliberating blurring the difference between a
quasi-coherent sheaf of modules on SpecA and the corresponding A-module of
its global sections.

2. Algebraic Preliminaries. This section summarizes some definitions,
tools and conventions we will use. With the exception of the definition of core
and graded core in Subsection 1 and a few technical results (likely to be well
known to experts), nearly all of this material can be unearthed from the sources
[19], [17], and [35]. Readers may prefer to skip this section and refer back only
as necessary.

2.1. Integral closure, reductions, and the core. Let / be an ideal in a
Noetherian ring A. The integral closure of I is defined as the set of all elements
z in A satisfying a polynomial equation

rai + o +a, =0,

where a; € I'. The integral closure I of I is an ideal of A containing / and
contained in the radical of I. In the case where I is a homogeneous ideal of a
graded ring, I is also homogeneous.
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ON A NON-VANISHING CONJECTURE OF KAWAMATA AND THE CORE OF AN IDEAL 1355

A reduction of I is any sub-ideal of / having the same integral closure.
Equivalently, J is a reduction of 7 if there is a positive integer r such that

Ir+1 - JIr.

The smallest such r is called the reduction number of the pair (I,J). Equivalently,
a sub-ideal J is a reduction if and only if the corresponding inclusion of Rees
Rings

ABJDI? - CABDIDI---

is integral.

A minimal reduction of an ideal [ is a reduction that does not properly contain
any smaller reduction of /. Every ideal admits minimal reductions. If I is an m-
primary ideal in a local ring (A, m) of dimension d, then any reduction generated
by d elements is a minimal reduction of /. Conversely, if the residue field A/m
is infinite, then every minimal reduction is generated by d elements.

See [19, §4, §10] for more information on integral closures and reductions.

Definition 2.1.1. The core of an ideal is the intersection of all its reductions.
If the ideal is a homogeneous ideal in a graded ring, then its graded core is the
intersection of all its homogeneous reductions.

Remark 2.1.2. Obviously, core I C gradedcore (/) for any homogeneous ideal
in a graded ring, but the inclusion can be strict in general, even when I has many
homogeneous reductions; see Remark 6.4.2.

Our main interest from the point of view of Kawamata’s conjecture is the
ideal of elements of degrees at least n in a graded ring. In this case we have
the following simple descriptions of integral closure, reductions, and the graded
core.

ProPOSITION 2.1.3. Let S be an N-graded reduced ring finitely generated over
an infinite field So = k. Suppose that the set of elements of S of degree n generate a
cofinite ideal I (that is, that S/I is finite dimensional over k). Then:

(1) 1= S>,, the ideal generated by all elements of degrees at least n.

(2) Every minimal homogeneous reduction of I is generated by a system of
parameters for S consisting of elements of degree n.

(3) The graded core of I is the intersection of all homogeneous systems of
parameters consisting of elements of degree n.

Proof.  Suppose that I is generated by elements of degree n and let w be a
homogeneous element of 1. Then w satisfies a homogeneous equation of integral
dependence

1

waaw  + o ta_w+a, =0
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1356 E. HYRY AND K. E. SMITH

where a; € I'. Since I' is generated by elements of degree in, we see that the
degree of w must be at least n: otherwise the homogeneity forces all ¢; = 0 and
so w would be nilpotent. Thus no element of degree less than n can be in I.

On the other hand, fix any system of parameters {xi,...,x;} consisting of
elements of degree n. Then we have a finite integral extension of graded rings

A=k[x1,...,xd] ’—>S,

and so every homogeneous element w of S satisfies a homogeneous equation of
integral dependence

1

w+aw l+. +a_w+a =0,

where a; € A. Now if w has degree at least n, the elements a; have degree at
least in. Thus a; € (x1,...,xz)', and w is integral over (xy,...,xg).

Let J be any minimal homogeneous reduction of I (or of 7). From the above
arguments, J is necessarily generated by degree n elements, and since the ground
field is infinite, these generators form a system of parameters. This completes the
proof. O

2.2. Canonical sheaves and trace. A general reference for the material in
this section is [17]. See also [5].

A canonical sheaf for a Noetherian scheme of dimension d is defined to
be the coherent sheaf given by the —d-th cohomology of a normalized dualiz-
ing complex for the scheme, when such a dualizing complex exists. When the
scheme is Cohen-Macaulay, the canonical sheaf is a dualizing sheaf in the sense
of Grothendieck. Dualizing complexes exist for any equidimensional scheme es-
sentially of finite type over an affine Gorenstein scheme; see [17, p. 299, p. 306].

The canonical sheaf of a scheme Y is not uniquely determined up to isomor-
phism in general. However, in many situations, there is a canonical choice for the
canonical sheaf. For example, if Y is a normal algebraic variety, then the usual
notion of the canonical sheaf (namely, the unique reflexive sheaf that agrees with
the sheaf of top differential Kihler forms on the smooth locus; see (6.1)) provides
a natural, “truly canonical” choice for wy. More generally, when all schemes are
equidimensional and essentially of finite type over a fixed ground scheme Spec A
that admits a residual complex, there is a functorial procedure (“upper shriek,”
denoted “!”) for constructing natural dualizing complexes on them from the given
one on A. In this paper, all schemes will be of essentially finite type over a fixed
local ground scheme possessing a dualizing complex (a field in the geometric
settings), with respect to which all canonical sheaves will be constructed.

For affine schemes, we also use the terminology canonical module. The
canonical module of a local ring (A, m) can be described as a finitely generated
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ON A NON-VANISHING CONJECTURE OF KAWAMATA AND THE CORE OF AN IDEAL 1357

module whose dual is the top local cohomology module HZ(A), where d = dim A
(with the duality as described in Subsection 2.3).

2.2.1. The canonical sheaf and Cohen-Macaulayness. The canonical sheaf
of a Cohen-Macaulay scheme is itself a Cohen-Macaulay sheaf of the same di-
mension. Even for non-Cohen-Macaulay schemes, the canonical sheaf retains a
bit of its Cohen-Macaulayness: the canonical sheaf satisfies Serre’s S, condi-
tion. In particular, the canonical sheaf of a scheme Y of dimension at most two
is a Cohen-Macaulay sheaf, even if Y itself is not Cohen-Macaulay. The ba-
sic properties of canonical modules over (non-Cohen-Macaulay) local rings are
summarized, with references, in [20, Section 2].

2.2.2. Trace. Fix a proper map

y L SpecA,

where SpecA is an equidimensional local scheme of dimension d with fixed
normalized residual complex R°®. Letting R} :=f'R, be the corresponding nor-
malized residual complex for Y, Grothendieck’s general theory of trace provides
a map

RI(Y,R}) — R;

see [17, p. 318] for details on f' and [17, p. 383] for more on trace. In particular,
when A and Y have the same dimension d, we can take the —d-th cohomology,
and we get a natural map of A-modules

I'(Y,wy) — wa,

which we call the trace map. The dual of the trace map is the natural map of
local cohomology modules

H(A) — HL(Oy),

where m is the unique maximal ideal of A and Z = f~!({m}) (with the duality
as discussed below in Subsection 2.3).

The most important case for us is when ¥ — Spec A is proper and birational,
specifically, a blowup along an‘ideal in Spec A. In this case, the trace map turns out
to be injective; dually, the natural map of local cohomology modules H% (A) —
HZ(Oy) is surjective. See, for example, [36, p. 103]. Throughout this paper, we
will always identify I'(Y, wy) with a submodule of w, using this trace morphism
when Y — Spec A is projective and birational.
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1358 E. HYRY AND K. E. SMITH

In geometric situations, the meaning of the trace map is often clear. For

example, if both ¥ and SpecA are normal and Y S, SpecA is the blowing up
of some closed subscheme W C SpecA of codimension at least 2, then there is
a natural inclusion

I'(Y,wy) — wa

obtained by restricting a global section of wy to ¥ \ f~!(W) = SpecA \ W and
then extending uniquely to a section of wj.

2.2.3. Adjunction. Let E be a subscheme of a Cohen-Macaulay scheme Y
defined locally by a nonzerodivisor. Let Oy( — E) denote the ideal sheaf of E,
so that Oy(E) denotes its dual. Then the “upper shriek” construction in which a
canonical module on Y determines one on E is easy to describe. Explicitly,

WE = 8xté)y (O, wy).
In particular, wy and wg are related by the following exact sequence
0 — wy — wy(E) — wg — 0,

obtained from the long exact sequence that arises by applying the functor

Homo, (—,wy) to the exact sequence 0 — Oy( — E) — Oy — O — 0.
If Y fails to be Cohen-Macaulay but is proper over a local scheme, and E is

locally defined by a nonzerodivisor, then we still have an exact sequence

0 — wy — wy(E) — wg,
but exactness on the right can fail in general.

2.3. Duality. Throughout this paper, the term “duality” always refers to the
following version of Grothendieck duality combining global and local duality as
developed in [17]. For a careful proof of this form of duality, see [33, p. 188].

Let (A, m) be a local ring that is a homomorphic image of a Gorenstein ring

(for example, essentially of finite type over a field). Let Y , Spec A be a proper
morphism and let Z = f~!({m}) denote its closed fiber. If ¥ is Cohen-Macaulay
of equidimension d, then for any coherent Oy-module F, there exist A-module
isomorphisms for all i

(6) Hi(Y, F) —= Homg (Ext{™ (F,wy), Ea(A/m)),

where E4(A/m) is an injective hull of the residue field of A, and H}(Y , JF) denotes
the local cohomology module of F with supports in Z. In particular, if F is
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ON A NON-VANISHING CONJECTURE OF KAWAMATA AND THE CORE OF AN IDEAL 1359

invertible, then
YWY, F)  isdualto  HYTIY,Fl @uwy).

Note that this duality includes Serre duality as a special case. Indeed, if Y is
a projective variety over a field k, then applied to the proper map ¥ — Speck
(so that Y = Z and E4(A/m) = k), we recover the standard statement of Serre
duality (as in [18, p. 243]). At the other extreme, taking f to be the identity map
SpecA — Spec A, we recover the standard local duality familiar to commutative
algebraists (as in [4, p. 133]).

When Y is not Cohen-Macaulay, the isomorphism (6) holds as stated only for
i =d. To get duality for all i, one must replace wy in the statement of (6) by the
normalized dualizing complex for Y. We will not need such general formulations
of duality in this paper. See [33, p. 188].

2.4. Rees rings and associated graded rings. Let I be an ideal in a Noethe-
rian ring A. The Rees ring of A with respect to A is the N-graded ring

Alll =A®lolPolo- - -,
and the associated graded ring or form ring is the N-graded ring
gnA=A/llol/PeP/PeP/I's---.

In both cases, the “multiplication” is the one naturally induced by multiplication
in A. If the ideal I has positive height, then the Rees ring has dimension d + 1,
where d = dim A, and the associated graded ring has dimension d. (See e.g. [19,
Theorem 9.7]).

Now let R and G be the Rees and associated graded rings, respectively, for
A with respect to some ideal / of positive height. Set Y = Proj R. By definition,
the natural projection ¥ - SpecA (induced by the inclusion of A in R) is the
blowing up morphism of the ideal /. The ideal sheaf Q7 is invertible, and defines
the scheme theoretic pre-image of the subscheme of SpecA defined by I. Thus
this pre-image is a divisor, E, called the exceptional divisor of . (Caution: If 1
has height one, the actual exceptional set for the map = may not be a divisor
at all, but a proper subset of E,4.) The natural isomorphism R ®4 A/l — G
identifies E with Proj G, so there is a fiber diagram

VA —— E:=ProjG —— Y :=ProjR

! l l

Spec(A/m) —— Spec(A/I) ——  SpecA,
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1360 E. HYRY AND K. E. SMITH

where Z is the scheme-theoretic fiber over the closed point m of SpecA. In
this diagram, the horizontal maps are all closed embeddings whereas the vertical
maps are all proper. If I is an m-primary ideal, the schemes Z and E share the
same reduced subscheme. The invertible sheaves I"Oy can be identified with the
coherent sheaves Oy(n) arising from the graded R-modules R(n) (where R(n),, =
R,.m). This justifies our use of the notations

InOY, Oy(n), and Oy( — nE)
interchangeably, even when n is negative.

2.4.1. Arbitrary filtrations. More generally, Rees rings and associated
graded rings can be defined with respect to an arbitrary filtration of a Noetherian
ring A. Let {I,}nen be a filtration of A, that is, a descending sequence of ideals
satisfying 1,1, C I, for all n,m € N and Iy = A. Then the Rees ring and
associated graded rings are defined by

AL OL® - and A/LOL/LOL/E®---,

respectively. The standard Rees and associated graded rings of the previous para-
graph correspond to the filtration {I,} = {I"}. In general, the Rees ring and
associated graded ring of an arbitrary filtration need not be Noetherian. However,
if they are Noetherian and /; has positive height, then the dimensions are d+1 and
d, respectively, where d is the dimension of A, just as for filtrations by powers
of ideals.

Given any filtration {I,} and a fixed natural number k, there is a Veronese
sub-filtration whose n-th member is Ii,. In this case, the corresponding Rees
ring is the k-th Veronese subring of the Rees ring for {I,}. (The effect on the
associated graded ring is more subtle.) Because every finitely generated graded
algebra has a Veronese sub-ring generated in degree one, any filtration giving
rise to a finitely generated Rees ring admits a Veronese sub-filtration consisting
of powers of an ideal Ij.

The only type of filtration we use in this paper (other than powers of I) is
the “natural” filtration in a graded ring: If S is a Noetherian N-graded ring, then
set I, = S>, to be the ideal generated by elements of degrees at least n. In this
case, the Rees ring, denoted S, is Noetherian and the associated graded ring is
naturally isomorphic to S.

2.4.2. The a-invariant. Let R be an arbitrary Noetherian graded ring over

a local ring, and let 9t denote its unique homogeneous maximal ideal. The a-
invariant of R is defined as

a(R) = mr?x{[Hgn(R)]n #0}.
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ON A NON-VANISHING CONJECTURE OF KAWAMATA AND THE CORE OF AN IDEAL 1361

The a-invariant of a Rees ring is always —1 while the a-invariant of the associated
graded ring carries subtle information about the singularities of A and R (see 2.5
below). The term “a-invariant” is due to Goto and Watanabe; see [14].

2.5. The Sancho de Salas sequence. Let
R=Ry®Ri ®Ry&®---

be an arbitrary graded ring over a ring Ry = A, and let m be an arbitrary ideal
of A. Set Y =ProjR and Z = Y Xgpec4 Spec A/m. Then for any graded R-module
N = @, cz N», there is a degree-preserving long exact sequence:

- — Hy (N) — 62 H. (N,) — 62 Hy(Y,Ny) — HELN) — -
ne ne

where mg =m @ R; ® R, @ - - - and N, denotes the quasi-coherent Oy-module
corresponding to the graded R-module N(n). This very useful sequence was in-
troduced in [38] in a special case, and later developed by Lipman in [35].

2.5.1. Local vs. global cohomology. For example, consider the extreme
case where m = 0. Then Y = Z and because H(;(N) =0 for i > 0, the Sancho de
Salas sequence degenerates to the long exact sequence

0 — HR_ (V) — N — D H(Y,N;) — Hk_,(N) — 0,
nez

where R~o =Ry ® R, @ - - - is the “irrelevant ideal” of the graded ring R, and the
graded isomorphisms

PHEN) =HF' V) fori>1.
neZ

This is the familiar identification between sheaf cohomology on a projective
scheme and the corresponding local cohomology with supports in the irrelevant
ideal.

2.5.2. The case of Rees rings. Let R be the Rees ring of a local ring (A, m)
of dimension d with respect to a Noetherian filtration of ideals I, of positive
height. In this case, mg =m@R; DR, @ - - - is the unique homogeneous maximal
ideal My of R. For the case N = R, the Sancho de Salas sequence is

++ — Hin,(R) — @ Hy () — @@ HL(Y, Oz(n)) — Higt (R) — - -
neN nez
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1362 E. HYRY AND K. E. SMITH

This exact sequence can be used to quickly deduce many useful well-known facts,
including:

(1) As graded A-modules, H&'(R) = ®n<oHZ(Y, Oy(n)). This is because
the maps Hgl(l,,) — Hg(Y, Oy(n)) are surjective for all n > 0 (see, e.g. [36,
p. 103]).

(2) If R is Cohen-Macaulay, then HQ(Y ,Oy(n)) = 0 for all n < 0 and all
i < d. By duality, this is the same as H(Y,wy(n)) =0 for all n > 0 and all i > 0.

(3) If I is m-primary and both A and R are Cohen-Macaulay, then also
H%(Y, Oy(n)) = 0foralln > 0 and all 1 < i < d. The dual statement is
Hi(Y,wy(n)) =0foralln<Oandall 0 <i<d—1.

(4) If A is Cohen-Macaulay, then R is Cohen-Macaulay if and only if G is
Cohen-Macaulay with negative a-invariant [13], [35].

(5) If G is Cohen-Macaulay, then HQ(Y ,Oy) = 0 for all i < d. Dually,
Hi{(Y,wy) =0 for all i > 0 [38], [35].

To deduce the above statements involving Cohen-Macaulayness, use the fact that
a module M over a local (or graded) ring (R, M) is Cohen-Macaulay if and only
if the local cohomology modules Hj\,t(M) vanish for all i < dimM.

2.6. The graded canonical module. Let R = @,y R, be an N-graded
ring finitely generated over a local ring Rg = A, where (A, m) is a homomorphic
image of a Gorenstein local ring. Let Mg = m @ R; R, @ - - - denote the unique
homogeneous maximal ideal of R. Then R admits a graded canonical module,
which by definition, is a finitely generated graded R-module such that

Hom, (wr, Ea(A/m)) = H R (R),

where E4(A/m) is an injective hull of the A-module A/m and the notation Hom
denotes “graded homomorphisms”, namely

Homy (wg, E4(A/m)) = @D Homy ([wr]_n, Ea(A/m)).
neZ

In other words, a graded canonical module is a finitely generated graded R-module
whose “graded Matlis dual” is isomorphic, as a graded R-module, to the top local
cohomology module with supports in the unique homogeneous maximal ideal of
R. The graded canonical module is uniquely determined up to degree preserving
homomorphism. Furthermore, it is a canonical module for R in the nongraded
sense as well. For details and generalities on graded canonical modules and related
material, see [19], Chapter VII, especially Section 36, or [4], Section 3.6, or the
original paper of Goto and Watanabe [14].
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2.6.1. The canonical module for rings graded over a field. Let S be an N-
graded ring over a field k = A, and let X = Proj S be the corresponding projective
scheme. By definition, the graded pieces of the graded canonical module wg are
dual to the graded pieces of Hg}t”s‘ 5(S). In the case where X has dimension at least
one (so S has dimension at least two), this latter module can be identified with
(see 2.5.1)

P HI™X (X, Ox(n)).

nez

So, we use duality (which holds at the top spot even when X is not Cohen-
Macaulay) to conclude that

ws = P H X, wy(n)

nez

is a graded canonical module for S.

2.6.2. The canonical module for R. In the case where R is a Rees ring of
an ideal of positive height in a local ring (A, m), we have

wr = P HUY, wy(m)),

n>0

where wy is the canonical module on Y = Proj R constructed from the fixed one
on A. Indeed, its dual is @, H3(Y, Oy(— n)), which is identified with Hgr! (R)
as a graded module, by 2.5.2 (1). More generally, this argument shows that for
any graded ring R over a local ring A, [wg], = HOY, wy)n) for positive n, where
Y =ProjR.

2.6.3. The canonical module for G. Likewise, there is a similar choice for
the associated graded ring G of an m-primary ideal, at least when d > 2, namely

we = P HYE, we(n)),

nez

where wg is the canonical module on E = ProjG constructed from the fixed
one on A. Indeed, its dual is @,y HY(E, Og( — n)), which is identified with
H{fn G(G) as a graded module, by the identity (2.5.1) above. In dimension one,
these arguments give only that

[weln = HYE, w(n))

for positive n. The non-positive pieces of wg are more complicated to describe
(and are of crucial importance in our arguments). These will be treated later in
Lemma 3.2.1.

This content downloaded from 99.9.115.68 on Mon, 26 May 2025 15:38:20 UTC
All use subject to https://about.jstor.org/terms



1364 E. HYRY AND K. E. SMITH

2.6.4. The effect of killing a parameter. Let wg be the graded canonical
module of a Cohen-Macaulay graded ring G over a local ring Gy, and let x be
any homogeneous nonzerodivisor. Set G to be the graded ring G/xG. Then

wG
wg = —(M0),
XWaG

as graded modules, where n is the degree of x. Here recall that for a graded
module M, the notation M(n) denotes the same module with the degree shifted
so that [M(n)]; = [M],+. This is well known and easy to prove; see, for example,
[4, Corollary 3.6.14].

More generally, even when G is not Cohen-Macaulay, we often have useful
statements along these lines. For example, we will make use of the following
proposition:

ProPOSITION 2.6.1. Let G be an N-graded ring of dimension d > 0, finitely

generated over an Artin local ring Gy, and let x be any homogeneous element of
degree n. Then there is a natural degree-preserving injection

wG
—(n) — wg,
XWaG

where G denotes the ring G/xG, whenever the dimension of Anng (x) (as a G-
module) is strictly less d.

Proof. Consider the four term exact sequence of degree preserving maps
0 — Anng (x) — G(—n) 5 G — G/xG — 0.
Breaking this up, the short exact sequence
0 — Anng (x) — G(—n) = xG — 0
induces an isomorphism
Hing(G)(— 1) = Hip (xG),
since Hgﬁ G( Anng (x)) = 0. So the sequence
0—xG—G— G/xG—0
gives rise to the exact sequence

Hi (G/xG) — Hiy [(G(— m) = Hy (G) — 0.

This content downloaded from 99.9.115.68 on Mon, 26 May 2025 15:38:20 UTC
All use subject to https://about.jstor.org/terms



ON A NON-VANISHING CONJECTURE OF KAWAMATA AND THE CORE OF AN IDEAL 1365

Dualizing (that is, applying the graded Matlis dual functor; see 2.6) yields an
exact sequence

X
0 — wg — we(n) — wg/xG
which provides the natural inclusion
wG
—(n) — wg. m]
XWG

3. The main technical theorem. This section forms the technical heart of
this paper. Here we prove Theorem 3.0.2, which will later be used to deduce
the higher dimensional versions of the Huneke-Swanson formulas for core, our
“local version” of Kawamata’s conjecture, a formula for core conjectured by
Corso, Polini and Ulrich, the results linking core and coefficients ideals, and
other properties of core in Sections 5 and 6.4.

Recall that if ¥ = ProjA[lf] — SpecA is the blow-up of SpecA along an
ideal 1, then the A-module H°(Y, wy) can be naturally identified with a submodule
of wy (see 2.2.2). Likewise, the modules H(Y, I"wy) for n > 0 can be identified
with submodules of wy, denoted by €,,.

THEOREM 3.0.2. Let I be an m-primary ideal in a local ring (A, m) of positive
dimension d containing the rational numbers. Assume that for any reduction J of I,

@) Jwa NQy_1 =J( Q42 Nwa),

as submodules of wy. Then

core (Iwy) C Qy

as submodules of wa, where core Iwa denotes the intersection in wa of the submod-
ules Jwy as J ranges through all reductions of I.

Remark 3.0.3. Note that if d > 2, then Q,_; is contained in w, in any case;
the intersection with wy is relevant only when d = 1.

Remark 3.0.4. For ideals I of reduction number at most one, the assumption
that A contains the rational numbers is unnecessary; see Remark 3.4.7.

Remark 3.0.5. In the geometric setting, the module HO(Y,wy) is closely
related to the adjoint ideal (or multiplier ideal) of I, at least when Y happens to
be smooth (or have rational singularities). See Remark 6.0.7.

As we will see in the next section, the hypothesis (7) of Theorem 3.0.2 is
a type of “Briancon-Skoda” statement, and it is satisfied in many nice situa-
tions. For example, we will show that (7) holds whenever A and the Rees ring
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1366 E. HYRY AND K. E. SMITH

A[lr] are Cohen-Macaulay, or more generally even if A is not Cohen-Macaulay
provided that the irrelevant ideal of the Rees ring A[/¢] is a Cohen-Macaulay mod-
ule. This latter condition arises naturally in the geometric setting that motivates
us.

The proof of Theorem 3.0.2 will occupy this entire section. The main point is
that Lemma 3.3.1 reduces us to a related statement about the intersection of the
corresponding submodules of the canonical module wg of the associated graded
ring G. This statement about wg is then proved by induction on the dimension,
with the hard part being the case where d = 1. For all these steps, we need a rather
delicate understanding of the structure of the canonical module for G—especially
how its graded pieces are related to the adjoint-type modules £2,,. Thus we begin
in Subsection 3.1 with a detailed study of the modules €,,.

3.1. The filtration by Adjoint-type modules. We fix some notation to
be used throughout the rest of this section. We let (A,m) denote a local ring
of dimension d > 1 which is assumed to have an infinite residue field (and
as always, possesses a canonical module). Let / denote a proper ideal in A of
positive height. Let R and G denote the Rees ring and the associated graded ring
with respect to I, respectively. We set Y = Proj R and let Y = Spec A denote the
natural blowing up morphism. As always, we identify 7wy with a submodule of
wa (see Subsection 2.2.2).

We first establish some elementary properties of the ‘“adjoint-type” A-
modules

Q, =T, I"wy),

where n € Z. First note that:

(1) Each Q, is a finitely generated A-module.
(2) If n> m, then Q, C Q,,.
(3) For all n € Z, we have IQ, C Q1.

(4) There are natural identifications Q, = Homy (17, Q,,,) for all n € Z and
all p > 0.

The first property is immediate from the properness of Y — Spec A, while the
next two properties follow immediately from the definition. The fourth property
follows from the useful but elementary general fact: Let F be a coherent Oy-
module such that the local generator for IOy is a nonzerodivisor on F at each
point of Y. Then Homy (JOy, F) = Homy (J,I'(Y, F)) for any ideal J C A. (This
fact is easy to prove; see, for example, Lemma 2.1 of [24].)

Our proof of Theorem 3.0.2 will exploit the following relationship between
the Q, and the graded pieces of wg.
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LemMA 3.1.1 (Cf. [24], Theorem 2.2e). Let I be an m-primary ideal in a local
ring (A, m) of positive dimension d. Then there is a natural inclusion

@ Qn—l/Qn — WG

n>1

of graded G-modules. This inclusion is an isomorphism if Y is Cohen-Macaulay,
the a-invariant a(G) < 0 and H'(Y,wy(n)) = 0 for all n > 1, for example, if both
R and A are Cohen-Macaulay.

Proof. Consider the adjunction sequence
0 —wy —wy(—=1) — wg,

which is exact also on the right if ¥ is Cohen-Macaulay. Tensoring with Oy(n)
and computing cohomology we get an exact sequence of cohomology

0 — H(Y,wy(n)) — H(Y,wy(n — 1)) — H(E,wg(®).
Thus there is a natural injection

P -1/ — P HE, wen)

n€Z nez

for all n € Z. Since wg and P,y HO(E,wg(n)) agree in positive degrees (see
2.6.3), the first claim is proven.
If Y is Cohen-Macaulay, then we have an exact sequence

0 — H(Y,wy(n)) — H°(Y,wy(n — 1)) — H(E,wg(n)) — H'(Y,wy(n)),

so the inclusion is a bijection in degree n if H LY, wy(n)) = 0. When R and A
are both Cohen-Macaulay, the scheme Y = ProjR is Cohen-Macaulay, and this
vanishing holds (see 2.5). The lemma is proved. O

Remark 3.1.2. The proof of Lemma 3.1.1 shows that if d > 2, the inclusion
Drez Qn—1/Qn — wg holds for all n, not just positive n. A nice consequence
is that, for dimension > 2, the increasing chain of modules

e CHCQCQCQQ 1 CTQ -

must stabilize for —n < —a, where a is the a-invariant of G. In fact, it stabilizes
to wy:

LEMMA 3.1.3. Let I be an m-primary ideal in a local ring (A, m) of dimension
at least two. Then

Q_, =wy

for all n > a(G).
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Proof. Fix n > 0. To verify that wy C Q_,, recall that Q_,, = Homy4 (I", Qo).
So it will suffice to show that for n > 0, w4 C Qg (then each f in w4 determines
the element “multiplication by f” in Q_, = Homy (I", Qo).) Because the blowup
map restricts to an isomorphism away from the closed set Spec (A/I), the trace
map €y C wy becomes an identity after localizing at any element of /. So some
power of I annihilates w4 /o, and I"wa C € for large n, as needed.

To check the reverse inclusion, consider the exact sequence of A-modules

0O—ws —Q_,—0—0

where, because / is m-primary, the module Q is supported at m. There is an
induced sequence of local cohomology

H.(Q_,) — H%(Q) — H}(wa).

The right term above vanishes because wy is S, while the left term vanishes
because Q_, = Homy (2,, Qp) C Homy (,,w,), so no element can be killed by
any parameter in A. Thus H&(Q) =0, and since Q is supported only at m, @ =0
as well. O

In dimension one, the picture is somewhat different: although it is still true
that wy C Q_, for large n, we do not get stabilization.

LemMma 3.1.4. If I is integral over a principle ideal, then Q, = xQ,_; for all
n € Z, where x generates a minimal reduction for I. This holds in particular when
I is an m-primary ideal in a local ring of dimension one.

Proof. In this case, Y = ProjA[lt] is affine, so
Q,, = I”wy = xan = x(I"_lwy) = xQ,,_l
for all n. O

The next lemma refines our understanding of the modules £, for the case of
nonnegative n.

LeEmMA 3.1.5. Let (A, m) be alocal ring and let I be a proper ideal of A of height
greater than one. Then Q.1 1o, 1 = Qy foralln > 0. In fact, Qpyp 0w, IP = Q, for
alln > 0 and all p > 1. This also holds for ideals of height one that are integral
over a principle ideal.

Proof. Recall that Q, = Homy (17, Q,,,). Clearly each element w of 2,4 :w,
IP gives rise to an element of Q,, namely, the “multiplication by w map” in
Homy (7, Q,,,). We need to show that every A-module map from /7 to Qy,,
arises this way.
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We treat the height greater than one case first. Because I? contains a regular
sequence of length two on ws, we have Homy (P, ws) = wy. Since Homy (7P,
Qnyp) C Homy (1P, wy), this implies that every element of Homg (17, Qn.p) arises
by multiplication by some element of w4, as needed.

Now suppose I has a reduction generated by one element, say x. By Lemma
3.1.4, we have Q41 = xQ, for all n € Z. So also Q,,, = ¥*Q, for all n > 0
and all p > 1. Take any u € Q, = Homy (I,Q,.p). Then u(x’) = x’w for
some w € Q, C ws. We claim now that u is the map “multiplication by w.”
To check this, take any a € IP. We get x’u(a) = au(x’) = ax’w, so because
xP is a nonzerodivisor on wy, we conclude that u(a) = aw. This shows that
Q, = Homy (17, Qu4p) C Qpyp 10, IP. The proof is complete. |

3.2. The canonical module w; in the dimension one case. Because our
strategy for proving Theorem 3.0.2 is to reduce to the one-dimensional case, we
need to understand wg in the case d = 1. In dimension one, if R and G are both
Cohen-Macaulay, it is easy to see that

However, our reduction to the dimension one case will destroy the Cohen-
Macaulayness of R (even when it is assumed at the start), so the following
lemma is crucial.

LEMMA 3.2.1. Let (A,m) be a one-dimensional local ring. Let I C A be an
m-primary ideal. Then

Q,1/Q, forn >0
[weln =1 (Homa C%0) - f5r < 0.

Here, for n < 0, the intersection is carried out in Homy (I, w4) which naturally
contains both Q,_1 = Homy (I, Qo) and Homyu (17", w,).

To understand the lemma, note that for n < 0, the module Q,, can be consid-
ered as a submodule of Homy (/™", wy4) via the injection Q, = Homy (I7", Q) —
Homy (I7",w4) induced by the inclusion Q¢ C wy. Also, there is a natural inclu-
sion of Homy (17", wy) in Homy (I7"*1, wy), induced as the dual of the inclusion
I c I, since Homy I/ wy) = 0.

Proof.  Consider the long exact sequence (see 2.5.1) relating cohomology
for G and Proj G:

0 — Hiy (G) — G — P H'(E, Og(n)) — Hiy (G) — 0.
n€z
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Applying duality for the proper map E — Spec A/I, we get an exact sequence

0 — wg — P HUE, we(n)) — @) Homy 1 (Gy, Eajy) = Eg,
nez nez

where Ej4; denotes the injective hull of the residue field of the zero dimensional
ring A/I (and Eg is by definition the graded injective hull of the residue field of
G; see [19, p. 293]). For n > 0, [Eg], = 0, so there are natural isomorphisms
[wla = H(E, w(n))
for all n > 0, whereas for —n < 0, we have
[wG]—n = ker [H(E, wg( — n)) — Homy (I" /1", Ex /).

Note that Y is always Cohen-Macaulay: Away from E, Y is isomorphic to the

zero-dimensional scheme Spec A \ m, whereas since E is defined by a nonzerodi-

visor locally in Y, the Cohen-Macaulay property of the zero-dimensional scheme
E lifts to Y. So we have a twisted adjunction sequence

0 — wy(n) — wy(n — 1) — wg(n) — 0.
Because Y is affine, we have a corresponding sequence of global sections
0 — Q, — Q1 — HE,wg(n)) — 0.
Hence Q,_1/Q, = HO(E, wg(n)) for all n € Z. So for n > 0, we conclude that
[wgln = Qn—l /Qn,
as needed.

It remains to treat the case n < 0. Because the case n = 0 is the only one we
actually need later, we write down the argument carefully only in this case for the
sake of clarity. However, the same exact argument “twisted” by O(n) produces
the result for any n < 0.

Consider the case n = 0. Because wy/; is an injective hull of the residue field
for the zero-dimensional local ring A/I, we have that

[welo = ker [H(E, wg) > Homy (A/I,wayp) = wail-
We need to understand the map 7. Being dual to the natural map

A/l = HY(A/I) — HY(OF) = O,
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the map 7 is in fact the trace map for the proper map of zero dimensional schemes
E — SpecA/I. (Note that the functors Homg (—,wy /1) and Homg (—, wg) are

identical on Og-modules by the adjointness of tensor and Hom.)
To understand 7, we consider the commutative diagram of A-modules, whose
existence we will justify momentarily:

0 ———— Homy (A, wy) —— Homy (I, wy) _— Ext}‘ (A/L,wy) =“’A/1 — 0

| T ]

0 — Homoy (Oy, wy)

1
Homoy 0y, wy) ——— Extoy (O, wy) = wg —_— 0.

In this diagram, the first two upward arrows are injective (note the first one is the
trace map for ¥ — SpecA), and it is the kernel of the rightmost upward arrow
that we want to understand. Knowing that [wg]o = kern, a look at this diagram
shows that there is a natural identification

Homp, (I0y,wy) N Homy (A, wy) _ Q_1Nwga

Lelo = Homo, (O, wy) %

as claimed. This will complete the proof in the case where n = 0; the proof for
arbitrary negative n is essentially the same, just “twisted” by n. It remains only
to justify this commutative diagram.

Finally, to justify the diagram is easy. (One can do this abstractly, using the
point of view of [17], but we prefer a hands-on verification.) It is induced from the
diagram of long exact sequences arising from the natural diagram of A-modules

0 1 A A/l —— 0
| | |
0 10y Oy O —— 0,

where the downward arrows are the natural inclusions. (Recall that Y and E are
affine, so we abuse notation, identifying Oy and O with their corresponding
rings of global sections.) The existence of a natural induced map between the
corresponding long exact Ext-sequences is a very general fact holding for any
diagram of short exact sequences over any commutative rings R — S. Indeed,
say M and P are R-modules, and N and Q are S-modules. Given R-module maps
M — N and Q — P, there are naturally induced functorial maps

Extl (N, Q) — Exth (M, P)
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for each i € N. These maps can be viewed as the composition of three natural
maps of R-modules:

Ext§ (N, Q) — Extk (N, Q) — Exth (N, P) — Extk (M, P).

The first arrow above is naturally induced by the “forgetful functor.” (An in-
jective resolution Q — I°® of Q as an S-module can be viewed as an exact
sequence of R-modules; then for any injective resolution Q — J® of Q as an
R-module, there will be an induced R-module map of complexes I* — J*®. This
induces an R-module map of complexes Homg (N, I*) — Homg (N, J*®), which
can be pre-composed with the map that forgets the S-structure Homg (N, I*) —
Homg (N, I*). This map of complexes induces a unique map on the level of co-
homology, and this is the natural map of Ext groups we have in the first arrow
above.) The second arrow is the natural covariantness of the functor Ext in the
second argument, and the third arrow is the natural contravariantness in the first
argument.

The proof of Lemma 3.2.1 is complete, at least for n > 0. The proof for
arbitrary negative n is essentially the same as the proof for n = 0, just “twisted”
by n. (We will use this lemma only in the cases n =0 and n=1.) O

3.3. Reduction to the associated graded ring. We now state and prove
the key lemma which provides the crucial step of reducing Theorem 3.0.2 to a
related statement about the canonical module of the associated graded ring.

LemmMa 3.3.1. (Key Lemma) Let I be an m-primary ideal in a local ring
(A, m) of positive dimension d. Let R be any nonempty set of minimal reductions
of I. As in Theorem 3.0.2, assume that

JwaNQu_1 =J(Q4_2 Nwa)
for all reductions J € R. Then

ﬂ x1,...,x0)wa C Qg
{xl,...,xd}eR
if
ﬂ (&, ... xDwc], =0,

{xl,...,xd}ER

where x; denotes the degree one element of G given by the class of x; modulo
I2. The converse also holds if ¥ is Cohen-Macaulay and both H 1Y, wy(d)) and
H'(Y,wy(d — 1)) vanish.
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Proof. Set

W= ﬂ (xl,...,xd)wA.
{x1,...xg}ER

We already know that Q; C W, because of our assumption that Q; C Jwy for
all reductions J. Let x € W \ Q. Since the only associated prime of w4/, is
m, we may assume that x € Qy :,,, m C € i, I. But then x € Q;_ by Lemma
3.1.5, and its class in Q4_;/Q, determines a nonzero element of [wg]y under
the natural inclusion Qy_1/Q4 < [wg]ls guaranteed by Lemma 3.1.1. Because
Jwa NQy_1 = J(€4-2 Nwy) for any minimal reduction J of I (by hypothesis),
we see that

xE€ ﬂ 1, .-, X)) ( Q-2 Nwa).
{xl,...,xd}eR

By Remark 3.1.2 and Lemma 3.2.1, we conclude that the class of x is in

N & xDwela,

{xl,...,xd}ER

and hence is zero by assumption. So in light of the inclusion Q;_1/Q; C wg,
the element x must have been in €, after all. The proof that the second condition
implies the first is complete.

For the converse, consider a degree d element in

ﬂ (1, XPwe-

{x1,...x4}ER

Our additional hypotheses imply that [wgl; = Q4—1/€4, so this element is rep-
resented by some x in Q4_;. Likewise, since [wgly_1 = (Qy—2 Nwa)/Qy—1 and
Qg4 C Jwy, we can assume with out loss of generality that

X € (x1,...,x)(Qq—2 Nwa),

for any (x1,...,x3) € R. Since such x in is n{xl,...,xd}G'R (x1,...,X5)wy, our
hypothesis ensures that it is in g, so that x represents the zero class in wg. This
implies that

N & xhwels = 0.
{x1,...xg}ER O

3.4. The proof for ws. In light of the Key Lemma 3.3.1, the next result
will complete the proof of Theorem 3.0.2.
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THEOREM 3.4.1. Let (A,m) be a local ring containing the rational numbers.
Let I be any m-primary ideal. Then

N [&. . x)wela =0,

X1, XPER

where R is the set of all minimal reductions of 1. Furthermore, if A is the local-
ization of a finitely generated N-graded domain S and I is the expansion to A of a
homogeneous ideal of S generated by elements of all the same degree n, then the
set R can be taken to be the set of all reductions of I generated by elements of
degree n.

We will prove Theorem 3.4.1 by induction on d. The hard part will be to
deal with the case where d = 1. The inductive step looks slightly technical
also, because of the necessity of dealing with non-Cohen-Macaulay associated
graded rings. We isolate most of these technicalities in the following lemma,
which compares the canonical modules of two graded rings closely related to G.
The reader is advised to think about the case where G is Cohen-Macaulay on a
first read through, as this simplifies the arguments and is sufficient for our main
algebraic results (but not for Kawamata’s Conjecture).

LeEMMA 3.4.2. Let (A, m) be a local ring of dimension d > 2, and let G be the
associated graded ring of A with respect to an m-primary ideal I. Let'y € I\ I?
be a general element of I, and let y* =y + I? denote the corresponding degree one
element in G. Then:

1) (y)NI"=yI" ! foralln>> 0.

(2) There is a natural degree preserving surjection

O=>D...,

I~

G/y'G—G ==&

~il |
G|~
~I

where G denotes the associated graded ring of A = A/yA with respect to the image
ideal T = IA, which becomes an bijection in degrees n >> 0.

(3) This surjection induces a degree preserving isomorphism
UJE — Wg /y*G-

Remark 3.4.3. When the associated graded ring G is Cohen-Macaulay (as it
is in our main applications), the equality holds in (1) for all » > 0 and the map
in (2) is an isomorphism, making (3) obvious.

Proof. Condition (1) is easy to prove and well known: the point is to choose
y so that y* avoids the relevant associated primes of G. (Such an element y is
called “filter regular.”) See, for example, [44, Lemma 3.2].
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Condition (2) follows immediately. Indeed, one simply verifies that in degree
n, this map looks like
I i
R — .
x[n=1 4 [+l @) NI+ I

This is obviously surjective for all n, and becomes an isomorphism when r >> 0.
To prove (3), note that the kernel of the natural degree preserving surjection

G/y'G— G

is nonzero in only finitely many degrees, and therefore has finite length. In par-
ticular, the kernel X is a zero dimensional graded G/y*G-module. As both graded
rings above have dimension (d — 1), the corresponding long exact sequence of
local cohomology induces an isomorphism
d—1 * d—1,75
HmG/y*G(G/y G) — Hng(G),

since Hgy (K) =0.

Dually (after applying the graded Matlis dual; see Subsection 2.6), we have
the desired degree preserving isomorphism

CL)E — wG/y*G. O

Proof of Theorem 3.4.1. We first carry out the inductive step. Assume that
d > 1 and that the theorem has been proven for rings A of dimension d — 1.
Suppose that

w € ﬂ [x], ..., xPwsla-
(x1,...Xg)ER

We will construct a sequence y1,y; ... of elements of I (of degree » in the graded
case) such that the corresponding elements yi,y5 ... of G; are nonzerodivisors
on wg with the property that

t

w e (H y,*) weG

i=1

for all # > 1. This will imply the claim, because then w € wg would be divisible by

elements of arbitrarily large degree, which is impossible since wg is Noetherian,
and hence vanishes in sufficiently negative degrees. -

To construct the sequence of y;’s, we proceed inductively. Assuming that

Y1, --,Yi—1 have already been constructed, choose a general y, € I (of degree n
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1376 E. HYRY AND K. E. SMITH

in the graded case) such that {y}---y;_, ¥/} is part of a sequence of parameters
for G. This is possible, since the elements x* with x € I (of degree n) generate an
Mg-primary ideal. We must verify that w is divisible by the product y} - - - y;_,y}.

Consider the class of w modulo y;wg. This is an element of wg/y;ws of
degree d, so in light of the injection provided by Proposition 2.6.1, it determines

an element of degree d — 1 in w G . By Lemma 3.4.2, therefore, we can interpret
y*G

t
it as an element in

[wgla-1,

where G is the associated graded ring of the ring A/y,A with respect to the image
of 1.

Now any minimal reduction of I in A, say (X7, ...,X%z_1), lifts to a minimal
reduction (xi,...,x4—1,Y:) of I, because, again by Lemma 3.4.2, for all r > 0,

' G xg DI+ () NI C (e xg DI + 0

It thus follows that

we n [(ﬁ*a""xd—l*)wa]d—l =0,

x_1,...,xd_1

where X7, . . . ,X;_1 ranges through the set of all minimal reductions of I in A. (In
the graded case, we assume the x;’s all to have degree n.)

By the inductive hypothesis, we can assume the result is true for the (d — 1)-
dimensional ring G, which is the associated graded ring for an m-primary ideal
in a ring of dimension d — 1. So we have @ = 0. In other words w € (y})wg.
This means that w € (y]---y;_wc N (¥))wg. Because the two element set
{¥i-- -y, yi} is an wg-regular sequence, this means that w € (y} - - - y)wg as
wanted. This completes the proof of the inductive step.

It remains only to prove the case where d = 1. For this, we will invoke the
careful description of w¢ in the one dimensional case proved in Lemma 3.2.1.
We will also need the following two lemmas. The first is a modification of [7,
Lemma 2.2], which in turn is inspired by [22, Lemma 3.8]. The second is a
one-dimensional version of [24, Proposition 2.3] valid also in the non-Cohen-
Macaulay case.

LeEmMMA 3.4.4. Let(A,m)bealocal ring andletN C N' C M be A-modules. Let
x,y € A, with x a nonzerodivisor on M. Suppose that yYN C xN. Let uy, ..., U, €
A be units of A whose images are distinct modulo m, and assume that m > 0
(specifically, m > dimg (N :x» m)/N, where k = A/m). Then

x(N:ym) () [G+up)OV :p m) CxN'.
i=1
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Proof. Suppose that w = x5 = (x + u1y)s; = ... = (x + uyy)s, where
seEN:ymands; € (N:y»m)foreachi=1,...,m. Foralr € Ny m, let7
denote the class r+N in N :3 m/N. Also let @ denote the class a+m € A/m for
all a € A. The elements w1 37, . . ., Uy S, € (N :p» m)/N are linearly dependent,

since m exceeds the dimension of this space. By replacing m by a possibly smaller
positive integer, we will assume henceforth that every proper subset of the set

{u5T, - .« U S}

is linearly independent, but that the full set itself is dependent. Clearly m > 1;
otherwise, all s; are in N and so (x + u;y)s; € xN C xN' as needed.
There exist units A,..., A\, € A such that

@®) Z (TS =
This implies

m m
Z Aiuis; € N, so that (Z Aiu;s;))y € yN C xN.
i=1 i=1

Hence

(O Aauis))y = tx

i=1

for some t € N. Set

Then

ASx = Z Aisi(x + uyy) = Z AiSix + Z AiSiu;y = Z AiSix + tx.

i=1 i=1 i=1

As x is M-regular, this implies that

m
As = Z Ais; + ¢.
i=1
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1378 E. HYRY AND K. E. SMITH

Now A € m would imply As € N and so

m
Y Aisi=0.
i=1

In this case, we can solve

m—1 1
Ai _

Sm=— =S;

=1 7m

and plug into equation (8) above. Because the #;’s are pairwise distinct, this
produces a nontrivial linear relation on the set

{El 3.1’ cee aumﬁm—l}»

a contradiction. This forces A to be a unit in A, and so

m
s=Y A Asi+ATlteN.

i=1
The proof of Lemma 3.4.4 is complete. O

LemMMA 3.4.5. Let I be an m-primary ideal in a local ring (A, m) of dimension
one. Let (x) be any minimal reduction of I. Then

Qo= wa i, I
forallt > 0.

Proof. Note that the blowup of SpecA along [ is the affine scheme Y =
SpecA[£]. So the proper map ¥ — Spec A corresponds to a finite map of rings
A— A[z]. Thus

Qo = wo, = Homy (Oy, wa).

To compute Qg, note that without loss of generality, the A-module generators
for the ring Oy may be assumed of the form % where z € I’, for some fixed
t > 0. We claim that Qp = (x'wy 1, I') for this fixed .

To check the inclusion Qo C (¥wy :w, I'), take any f € Homy (Oy,wa).
Then the restriction of f to A is given by multiplication by f(1) € ws. Because
f(%) € wa for any z € I', one readily verifies that f(z) € x'wy and so f()I' €
(x)ws. Then the map f +— f(1) gives the natural inclusion Qo C (x'wy 1w, I).

For the reverse inclusion, take any w € (x'wy ‘wy I". For z € I', we have
wz = x'u for some u € wa. Set fi,( ﬁ) = u. Using the fact that x is a nonzerodivisor
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on wy, one easily checks that the association w — f,, gives a well-defined injection
(*wy :w, I') C Homy (Oy,wy) inverse to the map in the previous paragraph. O

We now prove the dimension one case of Theorem 3.4.1, which will complete
its proof, and hence the proof of the main technical theorem, Theorem 3.0.2.

Let d = 1. Suppose that w € [x*wg]; for all x € I which generate a minimal
reduction of  (of degree # in the graded case). As x is not in any minimal prime of
A, the element x forms a system of parameters for A and so x is nonzerodivisor
on the A-module wy. By Lemma 3.2.1 we know that [wg]; = Qy/Q;. So we
represent w by some for some w € Qp, modulo ;. We want to prove that w = 0,
which is the same thing as proving that w € Q;.

Because the module [wg]; = Q0/€ is an Artinian A-module, we might as
well assume that mw = 0. In other words, we can assume that w € Q; Q, M.
Again by Lemma 3.2.1, we know that [wglo = (Q_1 N ws)/Qo. So, using also
that Q; = xQp by Lemma 3.1.4 we can write w = sx for some s € Q_; N wy.
Since

msx = mw € Q; = xQ,

we have that

ms € Qo,

as x is a nonzerodivisor on w,. This means that s € Q ‘wy M. Our goal is to
show s € Qq. This will complete the proof since then w = xs € IQy C Q,
whence the class of w in wg is zero.

To achieve our goal of showing that s € ), we invoke Lemma 3.4.5, which
guarantees that it is enough to show that: s € x'w, : I' for t > 0. For this, note
that it is enough to show that:

t Claim 3.4.6. For any y € I (homogeneous in the graded case), s € (x'wy4 ‘wy
y') for all £ > 0.

Indeed, because Q C A, the ideal generated by the z-th powers of the elements

of an ideal / (homogeneous elements of degree n when I is generated in degree
n) is simply I’. This follows easily from the identity

&) X)X, = Z Z (— l)t—k(Xil 4+ +Xik)t-

1<k<t 1<ig <<y <t

To prove Claim 3.4.6, take any y € I (of degree n in the graded case). We
wish to apply Lemma 3.4.4 to the A-modules

Qo CN,/ C wa,
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1380 E. HYRY AND K. E. SMITH
where N; = (x'w4 1w, ¥). Note here that Qo C N; for all ¢, since
thO C ItQO c Q= xtQ() C xtwA.

To this end, choose distinct units uj,...,u, (of degree zero in the graded
case), with m > 0, and so that each x + u;y generates a reduction for /. Then

(10) w=xs=@X+umy)s; =...= X+ Uny)Sm

for some sq,...,5% € o :w, m. Therefore, assuming for the moment that the
elements s; are also in Nj, then xs is in

x(€20 twy ™) N [(x+u1y)(Qo iy M N -+ N [(x + umy)(Qo 17 W],
and so applying Lemma 3.4.4, we have
xs € xNj.
Because x is a nonzerodivisor on w4 (and so on any submodule), we see that
s €N = (Xwy ‘wa ¥"), which is precisely what we needed to show.

It remains to show that each s; is in N = (x'wy ‘wa y") for ¢t > 0. We in fact
will show this for all ¢+ > 0, using induction on ¢. If ¢ = 0, the s; are trivially in
Np. Assume then that

SlyeeorSm €EN_ = (X twy g yh.
So by the argument above using Lemma 3.4.4, we have also that s € N,_;. Since

xs = (x + u;y)si,

we have

ysi = u; ' x(s — ;) € xNi_y = x(¢ " wa 1, ¥ C Hwa iy, ¥

But then for each i=1,...,m, we have
si € wa wy, Y) =N,
as we sought to show.
This completes the proof of Claim 3.4.6, and hence the proof of Theorem

3.4.1 in the dimension one case, and the proof of our main technical theorem,
Theorem 3.0.2. O
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Remark 3.4.71. In Theorem 3.0.2, as well as in its later applications in Section
5, the assumption that A contains the set of rational numbers is unnecessary in
case the ideal / has reduction number at most one. Note that the reduction number
does not increase as we reduce to the one-dimensional case. Now it is easy to
see that in Lemma 3.4.5, one can take ¢ to be the reduction number, that is,
Qo = (X'wy 1w, I') = (X wy :, I") where r is the reduction number of /. So when
the reduction number of [ is at most one, it suffices to prove Claim 3.4.6 for the
case ¢t = 1. This follows in the same way without making use of identity (9).

4. Briancon-Skoda type results. In this section, we identify general con-
ditions under which the hypothesis of our Main Technical Theorem 3.0.2 are
satisfied. The results of this section will allow us to apply the main technical the-
orem proved in the preceding section to deduce our main results in the following
section.

4.1. The Briancon-Skoda theorem and related properties of adjoints.
The next result is analogous to the “Briangon-Skoda Theorem with adjoints”
proved by Lipman for regular schemes in [34]. See also the “Skoda Theorem”
discussed in [31].

LEmMMA 4.1.1. Let (A, m) be a local ring of dimensiond > 1, and let I C A be
an ideal of positive height. Assume that wy is m-regular in the sense of Castelnuovo-
Mumford, meaning that

H{(Y,wy(m —i)) =0
foralli> 0. Then Qp.1 = JQ, for all n > m, where J is any reduction of I.

Proof.  This follows from a standard argument. As I"™*! = JI”, we have
JOy =IOy = Oy(1). Generators of J therefore give rise to global sections which
generate the sheaf Oy(1). These give rise to an exact Koszul complex. One can
then argue as in [34, p. 747] (or as below in the proof of Proposition 4.1.4) to
conclude that Q,.; = JQ, for all n > m under the stated vanishing conditions. O

CoROLLARY 4.1.2. IfI is m-primary, and A and R = A[It] are Cohen-Macaulay,
then

Q,=JQ,
foralln > d=dimA.

Proof. By Proposition 4.1.1, it suffices to check that wy is (d — 1)-regular.
But the vanishing of H(Y, wy(d—1—1)) for positive i is the same as the vanishing
of HQ(Y , Oy(—i+1)) for i < d—1. This vanishing follows easily from the Sancho
de Salas sequence for R, as recorded in 2.5.2. O
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Remark 4.1.3. Corollary 4.1.2 holds also for ideals I that have a reduction
generated by regular sequence, with d now the height of I. Furthermore, because
10y = Oy(1) is ample for the map 7, we have H'(Y,wy(m — i)) = 0 for all i > 0
and for sufficiently large m. So for large enough n, we always have Q,,; = JQ,,
where J is any reduction of [.

The next result ensures that Theorem 3.0.2 can be applied to some interesting
cases. Note that when n > d, this statement collapses to the Briancon-Skoda
Theorem above in 4.1.2; the following result thus informs us also of what goes
on for smaller indices n.

PROPOSITION 4.1.4. Let I be an m-primary ideal in a Cohen-Macaulay ring
(A, m) of dimension d > 0, and let J be any minimal reduction of I. Let R denote
the Rees ring A[lt] of A with respect to I, and assume that R is Cohen-Macaulay.
Then

Jwa NQ, =JQ,_1
foralln € Z.

Proof. The case d = 1 is degenerate. The condition that R is Cohen-Macaulay
forces I to be principle (see e.g. [19, Cor 25.2]), so I =J = (x). Then Y = Spec A
and Q, = x"w, for all n. This makes the statement obvious.

Assume d > 1. Because A and R are both Cohen-Macaulay, €, = w4 for non-
positive n; see Lemma 3.1.3 and 2.5.2. So the statement is trivial for negative
n. Also, when n > d, the statement follows from Corollary 4.1.2. It remains to
consider the case 1 < n < d.

Let us first consider the weaker statement that

JQu 2 NQ, =JQ,
for all n < d. To prove this, it is sufficient to prove that the natural map
Q,/JQp_1 — Qp_1/JQ—2
is injective.
Because I"*! = JI" for some r > 0, we have IQy = JOy. Fix generators

{x1,...,x4} for J as an ideal of A. These elements give rise to generating global
sections of /Oy, and hence a surjection @?:1 Oy — IOy, and so also a surjection

NN
F=@Poy(-1) =% Oy.

i=1
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This means that the Koszul complex
0 — NFQ@uwy(n) — - — AN'F Quwy(n) — wy(n) — 0
is exact, where
NF @ wy(n) = @wy(n - )°0,
forallj=0,1,...,d. We now split this complex into d — 1 short exact sequences
0 — K;j — NF®uwy(n) — Kj_1 — 0,

where Ky = wy(n) and K;_; = wy(n—d). The corresponding long exact sequences
of cohomology give the exact sequences

H™ (Y, NF @ wy(n)) — H~'(Y, K1) — H(Y,K)
for each j=1,2,...,d — 1. When j =1 we get the sequence

9

d
P Q-1 = Q, — H'(Y.K)
i=1

which gives an injection
Q,/JQ,—1 — H'(Y,Ky).
Note that H/~1(Y,wy(n — j)) = 0 for 1 < j < d — 1; this follows easily from the

Sancho de Salas sequence (see 2.5), taking into consideration the abundant van-
ishing afforded because A and R are Cohen-Macaulay. Thus we obtain injections

H~Y(Y,Kj—1) — H(Y,K))
and finally, an injection
Q,/JQu-1 — H™ (Y, wy(n — d)).

The inclusion "wy C I" 'wy induces a homomorphism of complexes
— NF wy(n) —_— e — ANF® wy(n) — wy(n)

L 1 1

— AMFQuyi—1) — - — AFQuyti—1) — wyn—1),
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which in turn induces a commutative diagram

Q,/JQ 1 ——  H\(Y,wy(n—d))

! !

Qp 1/JQp2 —— H'(Y,wy(n — 1 —d)).

Thus we can get the desired injectivity of Q,/JQ,_1 — Q,_1/JQu_> by prov-
ing injectivity for the homomorphism

H7\ (Y, wy(n — d)) — H* (Y, wy(n — 1 - d)).
To this end, consider the adjunction sequence for E C Y,
0—wy —wy(—1) — wg — 0.
Tensor with the flat module I" %Oy to get a short exact sequence
0 —wyn—d) — wy(n—1—-d) — wg(n —d) — 0.

Taking cohomology, we get the exact sequence

H™(E, wg(n — d)) — H' (Y, wy(n — d)) — H*™'(Y,wy(n — 1 - d)).
Thus it is sufficient to show that H~%(E, wg(n — d)) = 0. By duality applied to
the map E — SpecA/I, it is enough to show HYE, Og(d — n)) = 0. But this
follows easily from the Sancho de Salas sequence for the graded ring G:

H}(Gy—n) — H'(E, Og(d — n)) — [Ha,(G)a—n-

Indeed, because n < d, the module HL(Gy_,) = H) 14 /147™1) vanishes (as
the module I4~"/I?~"*! has zero-dimensional support). Now when both R and
A are Cohen-Macaulay, the associated graded ring G is Cohen-Macaulay with
negative a-invariant (see 2.5), so the module [HgnG(G)]d_,, certainly vanishes, as

d—n>0.
We have now shown that

JQ, 2 NQ,=JQ, 1
for all n < d. To complete the proof, note JQ,_1 C Jwsa N, for all n > 1.

So we need to show the reverse inclusion. We will do this by induction on n,
starting from n = 0.
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For n = 0, we verify that Jws N Qg C JQ_1. Indeed, because the a-invariant
of G is non-positive, we know that ws C Q_;. So Jws C JQ_1, and of course
then Jwa N Qo C JQ_.

Now assume that n > 0 and the inclusion has been proved for smaller indices.
Take x € Jwsq N Q,. Then certainly x € Jws N Q,_;, which is JQ,_, by the
induction hypothesis. So x € JQ,_, N Q,. But by the weaker statement proved
above, this implies that x € JQ,_;. The proof is complete. O

4.2. The case where A is not necessarily Cohen-Macaulay. The following
proposition offers an even more general setting in which the hypotheses of our
main technical theorem are satisfied. Its proof is decidedly less elementary than
the argument we have already made for Proposition 4.1.4 (which is why we have
included a separate proof for Proposition 4.1.4).

PrROPOSITION 4.2.1. Let (A, m) be a local ring of dimensiond > 1. Let I C A
be an m-primary ideal such that the irrelevant ideal of the Rees ring A[lt] is a
Cohen-Macaulay A[lt]-module. Then, for any reduction J of I,

JwaNQ, =JQ, 4
foralln € Z.

Proof. Let R* denote the irrelevant ideal of R = A[If]. Because R* is Cohen-
Macaulay, the a-invariant of the associated graded ring G is nonpositive, as one
checks by looking at the Sancho de Salas sequence. So from Lemma 3.1.3, we
have that €, = wy for n < 0. Thus statement is trivial for n < —1. Also the case
n = 0 is clear, since Jwy N Qp =JQ_1 NQy = JQ_;. For n > 0 we proceed
by induction on # as in the proof of Proposition 4.1.4. As in that argument, it is
sufficient to prove the weaker statement that

JQ, »NQ,=JQ,

for all n > 1.
Choose N > 0 such that Qy,; = JQu. Write

N
1a(Q-1/Qn41) = 1A(Q-1/Q0) + Y 1a(Qn/Qus1),
n=0
where I4(M) denotes the length of an A-module M, and

N
Q-1 /IQN) = 14a(Q_1/TQ_1) + > 1a(UQu_1/TQ).
n=0
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1386 E. HYRY AND K. E. SMITH

Then

14(Q_1/JQ_1) = 1a(Q_1/Q0) + D (a(Qn/Qns1) — AU Qn—1/TQ0)).
n=0

Consider the G-module W = @, Q_1/Q,. Fix generators {xi,...,x;z} for J
as an ideal of A. Let J* denote the ideal (x7,...,x};) C G. Because

IGW/T*) = 1a/(Q1/Q0) + D 1a(Qn—1/IQn—2 + Q)

n=1

= 1A(Q-1/Q0) + Y (1a(Qn—1/Qn) — 1a(UQn—2 + Qn /Qn))

n=1

14(Q-1/Q0) + D (a(Qn—1/Qn) — AU Qn—2/TQn_2 N Q)

n=1

IAQ-1/Q0) + D (a(Qn/Qns1) — la(TQn—1/TQn—1 N Qui1)),
n=0

1]

we now obtain

IGW/J*) = 14(Q_1/7Q_1) = Y (aUQn—1/TQ0)) — IaUQn1/IQn—1 N Qns1))
n=0

= Y IaUQn—1 N Qi1 /TQy).
n=0

In order to prove our claim we thus have to show that Ig(W /J*)—14(Q_1/JQ_1) =
0. For this, recall the notion of the [-invariant of a graded module (see e.g. [43,
p- 6]). Let B be a graded ring defined over a local ring, and let N be a graded
B-module with r = dim N. Then the I-invariant

r—1 —1 )
=3 (' l. )lB(H:nW))

i=0

where 0N denotes the homogeneous maximal ideal of B. It is a general fact that if
(¥1,. . .,yr) is any homogeneous system of parameters for B/ Ann N, then always
IWN/(y15 .- s yr)N)—e(y1, ..., yrs N) < I(N), where e denotes the multiplicity of
N with respect to (y, - . ., yr). If the equality holds, then the system of parameters
(¥1,...,yr) is called standard.

By definition the multiplicity e(J*; W) = e(G*; W) is equal to d! times
the leading coefficient of the numerical polynomial I4(W,) where n > 0. But
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for n > 0,

Wy =Q,_1/Q, =" 17NQy /N Qy

showing that e(J*; W) = e(J, Q). For any p € SpecA, p 2 I, we clearly have
(Q)p = WA, for all n € Z. Therefore

e(J, Qn)

> La, (Qw)p)el +p/p;A/p)

pEMinA,dimA/p=d

= > Ia, (wa,)el +p/p;A/p)

pEMinA,dim A /p=d

= > 14, (Q-1Dp)e( +p/p;A/p)
pEMinA,dimA/p=d

= e(J;Q_1).

So e(J*; W) =e(J;Q_1).

Set Q =P,>_; Q, and Q' = @,~(2,. Observe that Q' = wg+ where wg+
denotes the canonical module of the R-module R*, that is, Q' is the graded dual of
the top local cohomology module of R* with supports in the unique homogeneous
maximal ideal. Indeed, a look at the Sancho de Salas sequence

0 — HL(R}) — HE(X, Ox(n)) — [H*(R")], — 0

shows that there is an isomorphism HZ(X, Ox(n)) = [H**!(R*)],, for all n < 0.
Dualizing, we then see that Q, = [wg+], for all n > 0. On the other hand, by
considering the long exact sequence of cohomology corresponding to the exact
sequence

0—R"—R—A—0

and taking into account that a(R) = —1, we get [H*'(R")], = [H**'(R)], = 0
for n > 0 so that [wg+], = 0 when n < 0. By [39, Satz 3.2.2], it follows that
Q' is Cohen-Macaulay. By means of the long exact sequences of cohomology
corresponding to the exact sequences

0—Q —Q—Q 1) —0 and 0 —Q —Q—-1)— W —0

one then easily checks that Hsim(W) = H! (Q_1) for all 0 < i < d. Therefore
I(W) = I(Q_1). As a(G) < 0, Lemma 3.1.3 implies that Q_; = wy4. Using [15,
Theorem 1.1, Appendix] and [15, Corollary 6.18] we know that (xi,...,x;) is
a standard system of parameters for A. Moreover, by [15, Theorem 3.17], then
(x1,...,x4) is standard also for wy. This implies that I(ws) = la(wa/Jwa) —
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1388 E. HYRY AND K. E. SMITH

e(J;wa). Therefore

Ic(W/JT*) — 1a(Q_1/JQ_1) = (IgW/J*) — e(J*; W))
—(Ia(Q-1/JQ_1) — e(J; Q1))
< I(W) —I(wa) =0

as wanted. The proof is complete. O

5. The main local algebraic results. In this section, we prove our main
results about the core in a local ring, including the theorems relating core, adjoint,
and coefficients ideals, the “local” version of Kawamata’s Conjecture, and a
formula for core conjectured in [7]. All are deduced from the main technical
theorem, Theorem 3.0.2, using the Briangon-Skoda results of Section 4. Further
corollaries for graded rings appear at the end of Section 6.

5.1. Formulas for core in the Cohen-Macaulay case. Recall that an equi-
multiple ideal in a local ring (A, m) is an ideal whose height equals its analytic
spread (see [19, p. 58]). When the ring A has an infinite residue field, an equimul-
tiple ideal is precisely an ideal having a reduction generated by part of a system
of parameters. Every m-primary ideal in a local ring is equimultiple.

COROLLARY 5.1.1. Let (A, m) be a Cohen-Macaulay local ring containing a
field of characteristic zero, and let I be an equimultiple ideal of height h whose
Rees ring A[lt] is Cohen-Macaulay. Then

core (1) = HOY, I"wy) ia wa = g I

where, as always, HOY, I'wy) is considered as a submodule of ws via the trace
map, and J is any reduction of I.

Remark 5.1.2. In Corollary 5.1.1, if the height A is two (or less), then the
assumption that A contains the rational numbers is not needed. See Remark 3.4.7.
The case where k is height one is trivial, because our assumption on the Rees
ring forces I to be principal.

Remark 5.1.3. The formula core (I) = J™*! : I" is conjectured in [7, Conjec-
ture 5.1] under more general hypothesis.

Corollary 5.1.1 follows easily from the following theorem, which generalizes
our main technical theorem to ideals that may not be m-primary.

THEOREM 5.1.4. Let (A, m) be a Cohen-Macaulay local ring containing the set

of rational numbers. Let I C A be an equimultiple ideal of positive height h such
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ON A NON-VANISHING CONJECTURE OF KAWAMATA AND THE CORE OF AN IDEAL 1389
that the corresponding Rees ring A[lt] is Cohen-Macaulay. Then
core (lwa) = T(Y, I"wy)
as submodules of wa, where Y = Proj A[lt].

Remark 5.1.5. In fact, Qy C core (Iwy) for equimultiple ideals 7 in a Cohen-
Macaulay local ring A without any assumption on the Rees ring. The point is to
prove the reverse inclusion. As we will see in the proof, the reverse inclusion
holds even when it is assumed only that the irrelevant ideal of R is Cohen-
Macaulay (even when A is not).

To see that that Theorem 5.1.4 implies Corollary 5.1.1, we need the following
lemma.

LEMMA 5.1.6. Let (A,m) be a Cohen-Macaulay local ring, and let I be an
equimultiple ideal of height h. Let J be any minimal reduction of I. Then

Qh A WA =]r+1 ‘A I

for any integer r such that I'*' = JI'. In particular, J”*' : I" is independent of the
choice of reduction J.

Proof. 'We first note that
Ir

Qn - Jn—-h+r+lwA wn

for all n > 0. Indeed, set X = ProjA[Jf] and Y = Proj A[lt]. Since J is generated
by a regular sequence, way; has the expected form:

[wapnln = DX, J'wy) = I 1w,
for all n > 1 (see e.g. [45, p. 142]). The canonical sheaf for Y can therefore be
computed from the canonical sheaf for X via the finite map ¥ — X induced by
the inclusion of the Rees rings A[J7] — A[lt]. Working this out, we arrive at

11) LY, "wy) =T (X, J" wx) 1o, I"

as submodules of wy for all n > 0. For details, see [24, Proposition 2.3].
Now we note that because J is generated by a regular sequence,

(12) anA AWwpa = J"

for all n > 0. This can be proved by induction on n. When n = 1, this follows from
the fact that wy/; = wa/Jws is a faithful A/J-module. Suppose then that n > 1.
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1390 E. HYRY AND K. E. SMITH

Let x € J"w, : wy. By the induction hypothesis, we know that x € J"~!. There
thus exists a form F € A[#y,...,t,] of degree n — 1 such that x = F(ay,...,a,).
As F(ay,...,ar)ws € J"wa and (ay,...,a,) is an wy-regular sequence, every
coefficient of F must lie in Jw, : wa = J. Hence x € J™.

Finally, to see that

Qh AWwpa = Jr+] ‘A Ir,
we simply compute
Qh A Wpa = (JrHUJA ‘wy Ir) A WA= (Jr+1wA ‘A wA) A I = Jr+1 I

Here, the first equality follows from (11) above, and the last equality follows
from (12). O

Proof that Theorem 5.1.4 implies Corollary 5.1.1.  Say that y € core (/). Then
ywa C core (Iwg) = Qp

by Theorem 5.1.4,s0y € Q) 14 wa = JHL T Conversely, say that

Then y € J*1 24 J7 =7 for every reduction J of I, so y € core (I). The proof of
5.1.1 is complete. O

Proof of Theorem 5.1.4. Assume that [ is equimultiple. As usual, write €,
for I'(Y, I"wy), considered as a submodule of wa. To see that Q; C core (lwa),
recall that Q; = J™* 1wy ‘wy 1" (as in the proof of Lemma 5.1.6). Thus Q; C
T ws 4 J7 C Jwy, since J is generated by a regular sequence.

It remains to show that core (Iwy) C . Fix elements xi,...,x4_5 € A such
that (x; +1, ..., x4_p+1) is a system of parameters on A/I and a regular sequence
of degree zero elements on G, the associated graded ring of A with respect to /
(see e.g. [19, Proposition 10.24 and its proof]). Then also (x| +1,...,x;_,+1) is
a regular sequence on G. Set A = A/(x},...,x,_,) and let I denote the image of /
in A. Then T is an m-primary ideal of A. Moreover, the corresponding associated
graded ring

~i| 2>
@

G|~
S

is easily seen to be isomorphic to

G/ +1,...,x4_,+1),
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and hence Cohen-Macaulay. (For example, one can use the fact that (x}, ..., x5_,)
NI" = (xf,...,x5_)I" for all n > 0; see e.g. [19, Theorem 13.10 and Theo-
rem 13.7].)

Furthermore, because G is obtained from G by killing elements of degree
zero, the ag-invariants of G and G are equal (see Remark 2.6.4 here, or [45,
Remark 5.1.21]). Because the Rees ring A[/t] is Cohen-Macaulay, the a-invariants
a(G) and a(G) are negative. So because G is Cohen-Macaulay with negative a-
invariant, the corresponding Rees ring

R=A®lI®I ---

is Cohen-Macaulay. So Theorem 3.0.2 can be applied to the M-primary ideal 7
in the Cohen-Macaulay ring A.

Now observe that every minimal reduction of 7 is of type can be obtained as
the image J in A of some minimal reduction J of /. Indeed, let (ay, ..., @) be a
minimal reduction of 7 with aj, ...,a, € I. Then I"" = @i, . ..,ap)I" for some

n > 0 implies

"™ C (ay,...,a)" + (K, .. xh_ ) NI
= (ay,...,aI" + (), ... x_ !

so that I"*! C (ay,...,ap)I". It thus follows that (aj, ..., as) is a minimal reduc-
tion of /.
Finally, let y € core (wy). Since wg = ———A——, the above computation
(x’l,...,xfi_h)wA

shows that y € core (Iwg). Set Y = Proj R. Then by Theorem 3.0.2 together with
Proposition 4.1.4, we have

core (Iwg) C T(Y, wy(h)).

Now, again using the injection I'(Y, wy(n)) — wyz induced by the trace map, one
easily checks that there is an induced isomorphism

Q,
(xtp ce ’xfj_.h)gn

(Y, wy(n) =

for all n € Z. Thus

Qp wa

y:=ymod (x',...,x5_)was € C ,
YiEymod O, da s € e C G A

SO

yeQ,+ (x’l, . ,xfi_h)wA.
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1392 E. HYRY AND K. E. SMITH

Finally, because this works for any positive ¢, we have

yE () Q@+ ... x_pwa) = Q.
>1

This shows that core (Iws) C €2, and the proof is complete. |

5.2. Core in dimension one. The main technical theorem easily gives a
formula for the core of an m-primary ideal in a local ring of dimension one,
without any Cohen-Macaulay hypothesis at all.

COROLLARY 5.2.1. Let (A, m) be a one dimensional local ring containing the
rational numbers. Then for any m-primary ideal I, we have

core (Iwy) = Q.
In particular, if A is Cohen-Macaulay, then
core()=J™' . I,

where J is any reduction of I and r is any positive integer such that I” = Jr.

Proof. The second statement follows immediately from the first using
Lemma 5.1.6. The first statement follows immediately from the the main techni-
cal theorem, Theorem 3.0.2. One need only verify that Q; C Jws and Jwa N Q) =
J(Q_1Nw,), but this is trivial by Lemma 3.1.4 since J is generated by a nonzero-
divisor on wy. m]

5.3. Core and adjoints. We recall the definition of an adjoint (or multiplier)
ideal. Although a definition can be given that does not refer to resolution of
singularities (see [34]), we prefer the following approach.

Let X be a Gorenstein scheme essentially of finite type over a field of char-
acteristic zero, and let a be a coherent sheaf of ideals on X. Fix a log resolution
of a, that is, a proper birational map Y %, X from a smooth scheme Y such that
aOy is locally principal and the union of the support of the corresponding divisor
and the exceptional divisors is a divisor with normal crossing support. Then the
multiplier (or adjoint) ideal of a is the ideal sheaf of Ox

adj (a) = m.(awy/x),

where wy/x = wy @ T*wy is the relative canonical sheaf of 7. This is independent
of the choice of the log resolution. Note that because X is Gorenstein, wx is
invertible, so wy/x is invertible as well. See [31] or [9] for the general theory
of multiplier ideals from the algebro-geometric point of view, or [34] for a more
algebraic point of view.
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In [22], Huneke and Swanson studied the core of an integrally closed m-
primary ideal in a two-dimensional regular local ring. In particular, they showed
that in this case,

core (I) = adj (I*) = I adj ().

However, such ideals are very special in a sense: the corresponding Rees algebra
always has rational singularities (see [33, Proposition 1.2] and [23, Proposition
2.1]). In particular, it is Cohen-Macaulay and normal. For this reason the follow-
ing can be considered a natural generalization of their result to higher dimension.

COROLLARY 5.3.1. Let A be regular local ring essentially of finite type over a
field of characteristic zero. Let I C A be equimultiple ideal of positive height h
such that the Rees ring Allt] is normal and Cohen-Macaulay. Then the following
conditions are equivalent:

(1) A[lt] has rational singularities;
2) Q,=adj"™) foralln > 0;
(3) core (I) = adj (I*).

If this is the case, then
core (I) = I adj (I" ') and adj(I"~') = core () : I.

Remark 5.3.2. In fact, as is clear from the proof, it is not necessary that
A be regular for this theorem. It is sufficient if A is Gorenstein with rational
singularities.

Remark 5.3.3. In dimension two it is not necessary that A is essentially of
finite type over a field of characteristic zero. Indeed, resolutions exist in this
setting, and the hypotheses on the Rees ring imply that the reduction number is
at most one; see Remark 3.0.4. In particular, since the hypotheses on the Rees
ring hold automatically for any m-primary integrally closed ideal in a two regular
local dimensional local ring, the Huneke-Swanson theorem is recovered in full
generality.

Proof. Set Y = ProjA[lt]. Observe first that A[/t] has rational singularities if
and only if Y has rational singularities (see for example, [32, Proposition 1.2]
and [23, Proposition 2.1]). Let f: Z — Y be a log resolution of /Oy. Because Y
is Cohen-Macaulay and normal, it follows that Y has rational singularities if and
only if the natural inclusion

Sfewz C wy
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is an isomorphism; [28]. On the other hand, because /Oy is ample for the map
Y — SpecA, this equivalent to requiring that the natural map

[, I"Oy ® fuwz) — I'(Y,I"wy)

be an isomorphism for all n > 0. Because I"Oy ® f.wz can be identified with
f«(I"wz), this is the same as the the natural inclusion

(13) adj(I") =T(Z,I"'wz) — T'(Y,I"wy) = Q,

being an isomorphism for all n > 0.
Now, by Lipman’s Briangon-Skoda Theorem (see also [31])

adj (I"*) = Iadj (I* 1)

and by our Briangon-Skoda Theorem (actually Corollary 4.1.2 and the subsequent
remark)

Qp=1Q,_1.

So remembering also that Q1 i, I = Q, for all n > 0, by Lemma 3.1.5,
we conclude that (13) is an isomorphism for all n > 0 if and only if it is an
isomorphism for n = A — 1. This proves the equivalence of statements (1) and
(2). The equivalence with (3) is also clear, since core (/) = Q, by Theorem 5.1.4.

Finally, the formula adj ("1 = core (I) : I is a consequence of the formula
Q1= :a I of Lemma 3.1.5. The corollary is proved. |

Example 5.3.4. Let I be a normal equimultiple monomial ideal of height A
in a polynomial ring S over C. Then

core I = adj (I") = Iadj (I* V).

Indeed, in this case, the Rees ring S[If] is a normal semi-group algebra, and hence
has rational singularities (since it is a direct summand of a polynomial ring [3]).
In particular, if I is generated by monomials x* = x}11x3 - - - x, then core (I) is

generated by monomials xB = x21 - .- x4 where
b1+ 1,b+1,...,bg+1)
is in the interior of the convex hull of the points kA, ..., kA, in N4 [21].
5.4. Core and coefficient ideals. If J C I is a reduction of I, Aberbach

and Huneke defined the coefficient ideal a(I,J) as the largest ideal a such that
Ia = Ja; see [1]. The next corollary relates this notion to the core.
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COROLLARY 5.4.1. Let (A, m) be a Gorenstein local ring containing the set of
rational numbers. Let I C A be an equimultiple ideal of positive height h such that
the Rees ring Allt] is Cohen-Macaulay. If J C I is any minimal reduction, then

core(l)=1a(l,J) and a(l,J)=core(]): 1.

Proof. By Theorem 5.1.4 we know that core (/) = Q. By the Briangon-
Skoda Theorem (Lemma 4.1.1), ), = I€;,_;. On the other hand, according to [24,
Theorem 3.4], Q;_1 = a(l,J). Thus the first claim follows. The second one is
now a consequence of the formula Q;_; = Q : I of Lemma 3.1.5. O

Remark 5.4.2. In fact, rational singularities of A[/f] can be characterized in
terms of the equality a(/,J) = adj (") where J C I is any minimal reduction;
see [24, Corollary 3.5].

5.5. Further properties of core and questions

COROLLARY 5.5.1. Let A be a Gorenstein local ring essentially of finite type
over a field of characteristic zero. Let I be an equimultiple ideal of positive height
h such that the Rees ring A[It] has rational singularities. Then

core (I) C core (I')

for any ideal I of height h containing I.

Proof. Because I C I', we know adj (I") C adj((I')"). By Corollary 5.3.1,
we have core (I) = adj (I") C adj ((I')*). On the other hand, from the Briangon-
Skoda theorem [34], adj ((I")") is contained in every reduction of I’. So core (I) C
core (I'). m]

Question 5.5.2. If I is an integrally closed ideal, then is core (I) C core (I)
for all ideals I’ containing I? If I is not integrally closed, the answer is no in
general. Indeed, whenever I C I is an integral extension of ideals, then a minimal
reduction of / is a minimal reduction of 7/, but I’ may admit reductions that are
not reductions of /. So clearly core (I’) C core (I), but the inclusion can be strict,
and usually is, for example, when [ is a minimal reduction of I’. On the other
hand, the same reasoning indicates that there is no loss of generality in assuming
that also that I’ is integrally closed in Question 5.5.2. This question was first
raised in [22].

The next result has to do with when the core itself is integrally closed.

PROPOSITION 5.5.3. Let A be a Cohen-Macaulay local domain of dimension d
containing the set of rational numbers. Let I C A be a normal equimultiple ideal
of positive height h such that the Rees ring A[lt] is Cohen-Macaulay. Then core (I)
is an integrally closed ideal of A.
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Proof. Set Y = ProjA[lt]. Consider wy as a sub-sheaf of the constant sheaf
K where K is the quotient field of A. Since wy is reflexive, we know that

Q, =T, I'wy)= [| Iwyx
codim {x}=1

But then

core (I) = Qh AWp = m IthJ A WA
codim {x}=1

Thus core () is integrally closed, because it is an intersection of integrally closed
ideals of A. O

Question 5.5.4. Under what conditions is the core of a normal ideal integrally
closed? This issue was first raised in [22]. See also [7, Examples 3.9 and 3.10].

Finally, we record an observation about the asymptotic behavior of core, as
a partial answer to a question raised in [22].

COROLLARY 5.5.5. Let (A, m) be a Gorenstein local ring containing the rational
numbers. Let I C A be an equimultiple ideal of positive height h such that A[lt] is
Cohen-Macaulay. Then

core (I") = IV core (I)

foralln > 1.

Proof. Set Y = ProjA[I"t]. Since Y = Proj R™ = Proj R, we observe that
(Y, I"*wy) = Qu, for all k € Z. The ideal I" being also equimultiple of height
h, Theorem 5.1.4 and Corollary 4.1.2 (and the subsequent remark), now give

core (I") = T(Y, I"wy) = Qu = I'"""Qy, = 17~V core (1). -

6. Nonvanishing Sections and the Core. The goal of this section is to
reduce Kawamata’s Conjecture to a purely algebraic statement relating the core
of an m-primary ideal in a local ring of dimension d to the adjoint ideal (or
multiplier ideal) of the d-th power of the ideal. Actually, of course, we must work
in the graded category. Also, to get at the most general version of Conjecture
1.1.1, we must expand the notions of the core and the adjoint to submodules of
the canonical module. The main result of this section is the following theorem.
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ON A NON-VANISHING CONJECTURE OF KAWAMATA AND THE CORE OF AN IDEAL 1397

THEOREM 6.0.6. Let D be an ample Cartier divisor on a rationally singular
projective variety X of positive dimension, and let

S =P HX,nD)

n>0

be the corresponding section ring. Fixn >> 0, and let I = S>, be the ideal generated
by all elements of degrees at least n in S. Then H(X, D) # 0 if

(14) gradedcore (Iws) = adj I%*'wg), whered +1 = dimS,
as subsets of wg.

Remark 6.0.7. Here, gradedcore (Iws) denotes the intersection of all submod-
ules of wg of the form Jwg, where J is a homogeneous reduction of I. Likewise,
for any ideal / in a normal domain S, adj (Jws) denotes the following natural
variant of the adjoint ideal. Fix a log resolution ¥ — Spec S of 1. Then adj (Iws)
is the submodule of ws given by m,(Iws). This definition is independent of the
choice of log resolution. This is like the usual notion of multiplier ideal, but the
relative canonical modules have been replaced by the absolute canonical module
of Y. This has the advantage of being defined even when S is not Gorenstein (or
Q-Gorenstein). However, it is a submodule of wg rather than an ideal of S.

Remark 6.0.8. Formula (14) is a graded version of the formula we proved
(under certain conditions on the ring and ideal) in Section 5. As we will see, rings
arising from divisors satisfying the hypothesis of Conjecture 1.1.1 satisfy these
conditions, so Kawamata’s Conjecture is very closely related to our formulas in
Corollary 5.3.1.

Remark 6.0.9. As will be clear from the proof, a version of Theorem 6.0.6
holds if X is not necessarily rationally singular, but is only normal. In this case,
H°(X, D) is nonzero if gradedcore ({wg) = Qg4.1, with notation as in Section 3.

Remark 6.0.10. In fact, the converse of Theorem 6.0.6 is also true: HO(X, D)
is nonzero if and only if the formula (14) holds for n >> 0 in the section ring S
of D. However, the proof of the requires rather different ideas and techniques, so
we postpone it to a subsequent paper.

In this section, we first prove Theorem 6.0.6. We then investigate the hypoth-
esis forced upon the section ring S of a pair (X, D) satisfying the hypothesis of
Conjecture 1.1.1. Finally, we end with a discussion of core versus graded core in
a graded ring.
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1398 E. HYRY AND K. E. SMITH

6.1. A general criterion for nonvanishing. Let D be an ample Cartier
divisor on a normal projective variety X of dimension d > 1. By definition, the
section ring of the pair (X, D) is the N-graded ring

S = @ HX, Ox(nD)),

neN

whose multiplication is given by the natural multiplication of sections. The ring
S is a normal graded domain, finitely generated over the field k = HO(X, Ox),
which we will assume to be infinite. There is a canonical isomorphism from X
to Proj S under which the invertible sheaf Ox(nD) corresponds to the coherent
module on Proj S arising from the graded S-module S(n), where S(n) denotes the
module S with its grading shifted so that S(n),, = Sy.,. For a general reference
on section rings, see [16, Section 4.5].

ProOPOSITION 6.1.1. Let D be an ample divisor on a normal projective variety
X, and let S be the corresponding section ring of the pair (X, D). Fix n > 0. Then

H’X,D)=0

if and only if

[wsIn@+1)—1 C gradedcore (Jws),

where ws is the (graded) canonical module of the normal ring S, and I is the ideal
of S generated by elements of degrees at least n.

Proposition 6.1.1 follows readily from the following very general criterion
for the vanishing of the space of global sections of an ample line bundle.

LEMMaA 6.1.2. Let D be an ample Cartier divisor on a normal projective variety
X of dimension d > 1. Fix any integer i. Then H*(X,iD) = 0 if and only if for some
(equivalently, every) n > 0, and any set xy, . . .,xq of d + 1 global generators for
Ox(nD), the natural inclusion

d
> xH(X,Kx + (nd — )D) C H'(X,Kx + [n(d + 1) — i]D)
i=0

is an equality.

(Note: The precise condition on n in Propositions 6.1.1 and 6.1.2 is that n
should be large enough that Ox(nD) is globally generated and H'(X, Kx + mD)
vanishes for all i >0 and all m > n —i.)

Proof of Lemma 6.1.2. Fix any set of d + 1 global generators for Ox(nD).
Such a set always exists (assuming X to be defined over an infinite field), because
we can take generic linear combinations of any set of global generators for
Ox(nD).
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ON A NON-VANISHING CONJECTURE OF KAWAMATA AND THE CORE OF AN IDEAL 1399

)

X,
_—

Consider the Koszul complex determined by the x;’s:

d
0 — Ox(—(d+1)nD) — --- — P Ox(— nD) Ox — 0.

i=0

Because the x;’s generate Ox(nD), this complex is exact. Tensoring with the
invertible sheaf Ox(Kx + [(d + 1)n — i]D), we get an exact complex

x0
d :
0 — Ox(Kx — iD) —> - —» @ Ox(Kx +(dn — D) %% Oy(Kx +[(d+ 1)n — i]D) —> 0.
i=0
Because H'(X, Ox(Kx + mD)) = 0 for all m > n — i and all i > 0, a standard
argument shows that the map of global sections

d )
P H'X. Kx + (dn — D) % H°(X,Kx + [(d + 1)n — i]D)

i+0

is surjective if and only if H%(X,Kx — iD) = 0. (The standard argument is this:
break the complex into several short exact complexes of sheaves. Then look at
the corresponding long exact complexes of cohomology, beginning with the 0-th
cohomology of the short exact sequence arising from the right-most part of the
complex. Working backwards, the relevant cohomology is the i-th cohomology
of the i-th short exact sequence from the right. A similar argument is written
down in full in the proof of Proposition 4.1.4.)

By Serre duality (which holds at the “top spot” even if X is not Cohen-
Macaulay), the claim that H(X, iD) is zero is identical to the claim that HYX,Kx
— iD) is zero. So HY(X, D) vanishes if and only if

HY(X,Kx + [n(d + 1) — iID) C (xo, ..., x)H(X, Kx + [nd — i]D).

The proof of Lemma 6.1.2 is complete. O

Proof of Proposition 6.1.1. Interpret global sections of Ox(nD) as degree
n elements of S. Because a set of global sections {x;} generates Ox(nD) if and
only if their common zero set on X = Proj § is empty, such a set is a generating
set for Ox(nD) if and only if the elements {x;} in S generate an m-primary ideal
of S. In particular, a set of d + 1 global sections of Ox(nD) is a generating set
if and only if its elements form a homogeneous system of parameters for the
ring S.
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1400 E. HYRY AND K. E. SMITH

Now fix n > 0. If H(X, D) is zero, then for each set {xgp,xi,...,xs} of
global generators of Ox(nD), Lemma 6.1.2 ensures that

d
> xH(X,Kx + (nd — 1)D) = H'(X, Kx + (n(d + 1) — 1)D).
i=0

Interpreted in terms of the section ring S, this says

(x0, - - - » X)) [wslna—1 = [wsln@+1y)-1-
In particular,
[wsln@+1)—1 C (X0, - - -, Xa)ws

for every system of parameters for S consisting of elements of degree n. In other
words,

[wsln@+n—1 C N Jws,
J s.0.p degree n.

where J ranges over all homogeneous systems of parameters for S consisting of
elements of degree n. By Proposition 2.1.3 a system of parameters of degree n
is precisely the same as a minimal homogeneous reduction for the ideal I = S>,,
the ideal generated by all elements of degrees at least n, so this means that

[wsln@+1)—1 C gradedcore (Iws).
The proof of the converse simply reverses this argument. O

Remark 6.1.3. Although Proposition 6.1.1 follows quite trivially from Lem-
ma 6.1.2, the passage to this more algebraic lemma seems powerful. The point is
that there is hope for showing that the intersection over all submodules of the form
(x0, - - - » X4)ws is quite small, so small in fact, that it can not contain any element
of degree n(d + 1) — 1 (although each individual module (xo, . ..,xq)ws certainly
contains many such elements!). This would settle Kawamata’s Conjecture if it
could be accomplished.

6.2. An adjoint computation. The next proposition is a very general com-
putation of adjoint modules for certain types of ideals in a section ring.

PROPOSITION 6.2.1. Let S be a section ring of a pair (X, D) consisting of an
ample Cartier divisor on a normal projective variety. Fixn > 0 and let I = S>,, be
the ideal of S generated by all elements of degrees at least n. Then

I'(Y,Iwy) = [ws]>n+1>
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ON A NON-VANISHING CONJECTURE OF KAWAMATA AND THE CORE OF AN IDEAL 1401

as submodules of ws, where Y is the blowup of the scheme Spec S along the ideal
L. (The precise condition on n is that n should be large enough that (S>p)" = S>m
forallt > 0.)

The proof of Proposition 6.2.1 makes use of the “natural” construction from
[16, Section 8.7.3].

6.2.1. The “natural” construction. Let S% be the graded ring
ST =8SPBS> BS>2 B S>3+,

where S>, indicates the ideal of S generated by elements of degree at least n.
The ring SY is finitely generated over its degree zero part S, so for large n, we
have (SZ,,)" = S>u for all k£ > 0. Since the projective scheme of a graded ring is
unchanged under passing to any Veronese sub-ring, we have

Proj 8% = Proj S[I1]

where S[I7] is the Rees ring of S with respect to the ideal I = S>,.

There are two natural geometric interpretations of the scheme Proj S8, First,
the above isomorphism shows that ProjS? can be considered as the blowup of
the ideal I in the affine scheme SpecS. On the other hand, there is a natural
isomorphism (see [16, 8.7.3])

Specy (Ox & Ox(D) ® Ox(2D) & - - -) — Proj (S ® S>1 ® S5, @ - - ).

This allows us to interpret Proj S also as the total space of the “tautological”
line bundle Ox( — D) on X (or, in some writers’ terminology, as the scheme
V(Ox(D))). Correspondingly, there are two natural projections,

Proj st Spec S Proj sa 1, Proj S = X.

The first is the blowing up morphism, while the second is the structure map of
the line bundle Ox( — D).

Remark 6.2.2. These interpretations of Proj S? generalize the following situ-
ation. Let Y denote the incidence correspondence

Y={(p.O)|pey cC"xP",

where / is a line through the origin in C” and p is a point on it. By projecting
Y to either C" or P"~!, respectively, we arrive at either the blowup of the origin
in C” or the structure map of the tautological line bundle on C". Note that here
Y = Proj S* where S is the polynomial ring in n variables.
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1402 E. HYRY AND K. E. SMITH

Proof of Proposition 6.2.1. Using the interpretation of Y as the total space
of the tautological bundle, one easily computes wy. Indeed, because Y DX is
smooth of relative dimension one with Qy/x = n*Ox(D), we have

wy = N*wx ® Qy/x = N*wx ® " Ox(D) = n*(wx(D)).

Also, thinking of S[Ir] as the n-th Veronese sub-ring of the algebra St, we see that
I'Oy = Oy(nt) = n*Ox(ntD), where Oy(nt) is the coherent sheaf on Y = Proj st
corresponding to the graded module S(nz).

Now, noting that the map ¥ - X affine and that 7.0y = @;cy Ox(iD), we
compute

LY, I'wy) = T(Y,n*Ox(inD) ® 7" (wx ® Ox(D)))
= T(Y, n"(wx ® Ox([n + 11D)))
= I'(X, Oy ® (wx ® Ox([tn +11D)))
= I'X, (€D Ox(iD)) ® (wx ® Ox((m + 11D)))
ieN
= I, wx([m+1+i]D)
ieN
= [wsl>me1-

This completes the proof of Proposition 6.2.1. O

Proof of Theorem 6.0.6. Suppose that H(X, D) = 0. Then by Proposition
6.1.1, we have that

[ws]ln@+1)—1 C gradedcore (Jws).

If the equality (14) of Theorem 6.0.6 holds, then in fact

[wsln@sn—1 C adj I ws).

Note that the assumptions of Kawamata’s Conjecture force the variety X to
have rational singularities. Therefore, the scheme Y = Proj S[/t] also has rational
singularities, because it is the total space of a line bundle over X. Furthermore, the
ideal I (and its powers) pull back to an invertible sheaf on Y under the birational
map ¥ — Spec S whose support is an irreducible closed subvariety (isomorphic
to X). It is easy to check that in this situation, the adjoint of I%*! can be computed
from the resolution ¥ — Spec S. If particular, if H(X, D) = 0, then

[wsTn@sn)—1 € TI* wy).
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Finally, since 14*! = §>,4+1), We apply Proposition 6.2.1 to conclude that

[wsln@sn—1 C [ws]>n@+1)+1-

This is an obvious contradiction, since wg is nonzero in all sufficiently large
degrees. Thus H°(X, D) can not vanish and the proof is complete. O

6.3. The section ring. In order to use Theorem 6.0.6 to prove Kawamata’s
Conjecture, we need to better understand the special conditions imposed on § by
the hypothesis of Conjecture 1.1.1. Remarkably, it turns out that just the right
condition to deduce a local form of formula (14) is satisfied.

PROPOSITION 6.3.1. Let S be the section ring of a normal projective variety X
with respect to an ample Cartier divisor D, and let I be the ideal of S generated by
elements of degree n > 0. Assume that there exists an effective Q-divisor B such
that the pair (X, B) is Kawamata log terminal and the Q-divisor D — (Kx + B) is
big and nef. Then the irrelevant ideal

SNt =IolPoPo---
of the Rees ring S[It] is a Cohen-Macaulay S[1t]-module.

The proof makes use of the following two lemmas.

LEMMA 6.3.2. Let S be a section ring as in Proposition 6.3.1. Then the local
cohomology modules of S with support in the unique homogeneous maximal ideal
m satisfy:

(1) Fori < dimS, the graded S-modules H: (S) vanish in all degrees n # 0.
(2) HYmS(S) vanishes in positive degrees.

LEMMA 6.3.3. Let (A, m) be an arbitrary local ring of dimension d and let {I,}
be a Noetherian filtration of A consisting of ideals of positive height. Let

R=AoL®L®---

and

G=A/LoL/LOL/E®- -

denote, respectively, the Rees ring and the associated graded ring of A with respect
to this filtration, whose unique homogeneous maximal ideals will be denoted Mg
and Mg, respectively. Then the irrelevant ideal of R is a Cohen-Macaulay R-module
if and only if the following two conditions on G are satisfied:

(1) Fori<d, [Hy (G)],=0forn #0.
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1404 E. HYRY AND K. E. SMITH

2) HthG (G) vanishes in positive degrees.

Proof of Proposition 6.3.1.  Fix n > 0. Setting I = S>, to be the ideal in S
generated by all elements of degrees at least n, we have I* = S>nk. So for this
n, the Rees ring S[I#] is the n-th Veronese subring of the Rees ring S formed
from the filtration I, = S>,. The irrelevant ideal of S[If] is therefore the n-th
Veronese submodule of the irrelevant ideal of S'. Thus in order to show that
the irrelevant ideal of S[/t] is a Cohen-Macaulay S[/t]-module, it is sufficient to
prove that the irrelevant ideal of St is Cohen-Macaulay (since the appropriate local
cohomology modules for the irrelevant ideal of S[/t] are Veronese submodules of
the corresponding local cohomology modules for the irrelevant ideal of S¥).

To show that the irrelevant ideal of S is Cohen-Macaulay, note that because
the irrelevant ideal is graded, it is enough to check Cohen-Macaulayness after
localizing at the unique homogeneous maximal ideal of S[/f]. So we may replace
S by its localization A at its unique homogeneous ideal, and replace the filtration
by its image {I,} in A. Note that the associated graded ring of A with respect to
this filtration {I,} is canonically isomorphic to S. Thus, the Proposition follows
immediately from combining the two lemmas. O

Proof of Lemma 6.3.2.  First note that because (X, B) is Kawamata log termi-
nal, the variety X has rational singularities (see e.g. [27, Th 1.3.6]). In particular,
X is Cohen-Macaulay and Serre duality holds for X.

To check statements (1) and (2), we make use of the identifications

[HL (9], & H (X, Ox(nD))

for each i > 2 and all n € Z (see 2.5.1). Now, for 2 < i < dim S, the vanishing of
H,",,(S) in negative degree follows from the (dual form of the) Kodaira vanishing
theorem applied to the ample divisor D. For all i > 2, the vanishing of H.,(S) in
positive degree follows from the Kawamata-Viehweg vanishing theorem.

Since S is normal, the local cohomology modules HL (S) and HY,(S) are zero
in any case, so the Proposition is proved. O

Proof of Lemma 6.3.3. Let R* denote the irrelevant ideal of R. We make use
of the following two exact sequences

0—R"—R—A—0
and

00— R'(1) —R—G—0.
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Because the R-module A is concentrated in degree zero, the first sequence gives
[Hyp, (R = [Hip, (R)]n

for all n # 0 and all i. Then looking at the long exact sequence arising from the
second sequence, we find a long exact sequence

-+ — [Hig ()] — [Hiny Rt — [Hig (R, — [Higg (G — -+

in each degree n.

Assume that R* is Cohen-Macaulay. Then for i < d + 1 = dimR*, we have
[HQRR(R*)],, = 0 for all n. This implies that [HQ,IR(R)],, = 0 for all n # 0. So
the long exact sequence above tells us that Hme(G) vanishes in every nonzero
degree, for all i < d.

For i = d, if n > 0, the long exact sequence above becomes

— [Hip, R, — [Hip , (O] — [Hith (R)]e1 — 0.

Because H{f;{}e (RHps1 = [Hg;{}e(R)],,H, and the a-invariant of the Rees ring R is

—1, we see [H{,’;;;(R*)],,H =0 for n > 0. So both modules
[Hey (R, and [HE (R

are zero for n > 0, and so HgnG(G) vanishes in positive degree. The converse
argument just reverses this. The lemma is proved. O

6.4. Core and graded core in graded rings. We have seen that Kawamata’s
Conjecture follows from the following conjecture.

CONIJECTURE 6.4.1. Let S be the section ring of a pair (X, D) satisfying the
hypothesis of Conjecture 1.1.1. Then

15) gradedcore (Iws) = adj (I4ws)

where d is the dimension of S, and I = S>, is the m-primary ideal generated by
elements of degrees at least n, for some n > 0.

On the other hand, for a local ring (A, m) and an ideal 7 satisfying conditions

satisfied by S, in such a section ring, we have proved (see the remark following
Theorem 5.1.4 and Proposition 6.3.1) that

core (lwy) = adj (Ide).
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In particular, core (lws) = adj (I%wy), for the section ring S of a pair (X, D) satis-
fying the hypothesis of Kawamata’s Conjecture. It is easy to believe that perhaps
the core and graded core of I/ = S>, are equal for large n, and hence that we
have proved Kawamata’s Conjecture. However, the problem appears to be quite
subtle. In fact, we have the following corollary of the Main Technical Theorem.

COROLLARY 6.4.1. Let S be a section ring of a normal variety of characteristic
zero with respect to any ample divisor. Assume that the local cohomology modules
H: (S) supported at the unique homogeneous maximal ideal of S vanish in negative
degrees for i < d, where d = dimS. Let I = S>, be the ideal generated by the
homogeneous elements of S of degrees at least n, for n > 0. Then

(16) core (Iws) = [ws]>nd+1
In particular, if the variety is rationally singular, then

core (Iwg) = adj (Idws).
Furthermore, if S is Cohen-Macaulay,

core(l) =S§ >nd+a+1
where a is the a-invariant of S.

Remark 6.4.2. Of course, since there are ample line bundles on smooth va-
rieties with no sections, Proposition 6.1.1 makes clear that formula (15) cannot
hold in general. Indeed, given any ample line bundle with no nonzero global sec-
tions, one can generate examples of ideals (namely S>, for n > 0) in a graded
ring (the corresponding section ring) which have many homogeneous reductions,
but for which the core is not equal to the graded core.

Proof. The statement may be checked locally at the unique homogeneous
maximal ideal of S, so we can replace I/ by its expansion to A = S, and our
previous results in the local case apply to S. As always, we let Y denote the
blowup of Spec S along I, and set ©, = H°(Y, I'wy). From Proposition 6.2.1, we
have

Q; = [ws]>nm1

for all . Taking n > 0, and arguing as in the proof of Lemma 6.3.3, one sees
that the irrelevant ideal of S[If] is Cohen-Macaulay. Thus

JwsNQu_1=JQy4_»
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for all reductions J of I, by Proposition 4.2.1. As pointed out in Remark 3.0.3
following the Main Technical Theorem, this ensures that

core [ws C Qg = [ws]>nd+1-

This holds without requiring that S be Cohen-Macaulay, as does the statement
core (I) C S>nd+a+1- Indeed, if z € core (/) has degree less than nd +a + 1,
then by taking any nonzero element w of [ws]_,, we would have an element
yw € core (Iws) of degree less than nd + 1, a contradiction.

For the reverse inclusion, we need also that ; C Jws. This follows from the
Briangon-Skoda Theorem 4.1.1 because r is sufficiently large. Indeed, we need
only that H'(Y, I 1~iwy) is zero for all i > 1, where as usual Y = Proj S[/#]. For
i < d— 1, this is essentially Serre vanishing (as » is large). For i = d — 1, the
required vanishing holds by Lemma 6.4.3 below. For i > d, all the cohomology
vanishes since Y has a cover by d open affine sets.

The corresponding statement for ideals follows as in the proof that Theo-
rem 5.1.4 implies Corollary 5.1.1. O

LemMmA 6.4.3. If1 is a normal ideal in a normal local ring A of dimension d at
least two, then H*~1(Y,wy) = 0, where Y = Proj A[It].

Proof. Let Z % Y be a resolution of singularities of Y. The composition
Z — Y — SpecA is a resolution of singularities of Spec A. We have a short exact
sequence

00— vwz —wy —0—0

where Q is supported on some set of codimension at least two. This gives rise to a
long exact sequence, which—because dim Q is at most d —2— gives a surjection

H*Y (Y, vawz) — H7U(Y, wy).

On the other hand, by the Grauert-Riemenschneider vanishing theorem RPv,wz =
0 for p > 0, so the appropriate spectral sequence degenerates to give an iso-
morphism H'(Y,v,wz) & H'(Z,wz). But again by the Grauert-Riemenschneider
vanishing theorem, this time applied to the resolution Z — SpecA, we have
H(Z,wy) vanishes as well for all i > 0. So H*~ (Y, v.wz) must be zero, and
therefore, so is its surjective image H*(Y, wy). O

Since every normal standard graded domain is a section ring, we have the
following corollary.

COROLLARY 6.4.4. Let S be normal Cohen-Macaulay N-graded domain finitely
generated by its degree one elements over a field of characteristic zero. Let m denote
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its unique homogeneous maximal ideal. Then for alln > 0,

17 core (m") = gradedcore (m") = m"¥*a+1,

where d = dim S and a is the a-invariant of S.

Proof. The formula for core follows from the above corollary since S>, =
m”. It remains only verify that the core is the graded core in this situation. Set
I =m". Looking at the proof of the Key Lemma, we see that gradedcore (lws) C
Q4 = [ws]>an+1 if the corresponding intersection Ny, . Js(x’{, .., X)wg is zero
in degree d. But because / is generated by elements all of the same degree, this
follows from Theorem 3.4.1. O

Remark 6.4.5. In Corollary 6.4.4, one can weaken the assumption that § is
Cohen-Macaulay and require only that the local cohomology modules H: (S)
vanish in negative degrees fo i < d. Then formula (17) holds for n > 0.

In order to prove Kawamata’s Conjecture then, we must understand when
core and graded core are equal. For an m-primary ideal generated by elements of
the same degree in a Cohen-Macaulay graded ring over an infinite field, that core
and graded core are equal follows from [6, Theorem 4.5]. But in general, this
appears to be a subtle question. From the point of view of solving Kawamata’s
Conjecture (and understanding nonemptiness of linear systems more generally),
this question is of great interest for ideals of the form I = S, in a section ring.
We return to this in a subsequent paper.
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