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Abstract
Knowledge and control of atomic Zeeman populations is necessary for the realization of
useful, long-lived quantum memories. We propose and implement a method to determine
atomic state population distributions for atomic spin waves. Zeeman composition of single
atomic spin waves of a cold atomic gas, confined in a one-dimensional optical lattice, is
inferred with high precision by measurements of signal–idler polarization correlations as a
function of spin-wave storage time.

(Some figures may appear in colour only in the online journal)

1. Introduction

The control of an atom’s external and internal degrees of
freedom is a feature of modern research in ultracold atomic
physics. For applications to quantum information processing,
such as quantum networks based on the idea of the quantum
repeater [1–12], magneto-optically trapped and cooled atoms
can be used to store information in spin-wave excitations
[3, 13–16]. The latter are characterized by a grating structure
induced by laser Raman scattering, superimposed on the frozen
atomic ensemble. These spin waves are distinguished by their
internal spin structure, being defined by pairs of states in the
hyperfine doublet of the atom’s electronic ground level. A
spin wave based on the m = 0 ↔ m = 0 clock transition
is only second-order sensitive to ambient magnetic fields and
is thus attractive for the realization of long-lived quantum
memory [17–22]. Alkali atoms prepared in magneto-optical
traps are nominally created in an internal mixed quantum state
in which population is equally distributed across the Zeeman
states of one of the hyperfine ground levels. Larmor precession
of magnetically sensitive Zeeman states leads to characteristic
collapse and damped revivals of the optically retrieved signal
[23, 24]; the damping is a result of inhomogeneous broadening
of the Zeeman components due to variations of the ambient
magnetic field [17]. An atomic ensemble prepared in an
unpolarized magnetic distribution of one of the hyperfine

ground levels exhibits this characteristic signal over tens of
μs storage time [17].

Long storage is also challenged by thermal motion of
cold atoms on ms timescales, as determined by the time
for displacement across a spin-wave grating period. Optical
lattice confinement augmented by compensation schemes for
the lattice-induced differential ac Stark shift of the clock
doublet has resulted in storage times in the 100 ms range
[20–22]. In such experiments, optical pumping into the m = 0
hyperfine Zeeman state may be employed in an attempt to
empty other Zeeman states and thereby reduce the excitation
of magnetically sensitive spin waves that dephase in less
than a ms. Another form of optical pumping, of particular
interest here, may occur in protocols such as the DLCZ
protocol [2], which is the standard method for creating single
atomic spin-wave excitations in a quantum memory. The
protocol involves Raman scattering of a sequence of weak
off-resonant write laser pulses between hyperfine ground
levels of an initially prepared atomic ensemble until a Raman
signal photon is detected. Specifically, in the experiments
to be reported here, a trial begins with a 50 ns write pulse
of power �1 μW incident on 87Rb atoms prepared in the
|b〉 = |5S1/2, Fb = 1〉 ground hyperfine level and detuned
−20 MHz from the |c〉 = |5P1/2, Fc = 1〉 excited level. If a
signal photon emitted on the |c〉 ↔ |a〉 (|a〉 = |5S1/2, Fa = 2〉)
transition is not detected, the write pulse is followed 700 ns

0953-4075/12/124006+13$33.00 1 © 2012 IOP Publishing Ltd Printed in the UK & the USA

http://dx.doi.org/10.1088/0953-4075/45/12/124006
mailto:stewart.jenkins@soton.ac.uk
http://stacks.iop.org/JPhysB/45/124006


J. Phys. B: At. Mol. Opt. Phys. 45 (2012) 124006 S D Jenkins et al

0 500 1000 1500 2000
0

0.1

0.2

0.3

0.4

0.5

Number of Trials

p
m

Figure 1. The populations of the Zeeman states |b, 0〉 (solid line),
|b, 1〉 (dashed line) and |b, −1〉 (dot-dashed line) as a function of the
number of write/read trials, in the presence of a 1.0 G bias magnetic
field.

later by a 200 ns clean pulse (power 270 μW) resonant with
the |a〉 ↔ |c〉 transition. Both the write and clean pulses have
a transverse Gaussian intensity profile with a 1/e2 waist of
230 μm. After a quiescent interval, the next trial begins;
the trial period is 1.5 μs. Figure 1 shows results for the
populations of the m = −1, 0, 1 Zeeman states, |b, mb〉, of the
initially unpolarized hyperfine level |b〉 over 2000 trials. These
results were found by numerically integrating the optical Bloch
equations for a single 87Rb atom including all the relevant
hyperfine structure. A few hundred trials are sufficient to
noticeably alter the population distribution, whereas typically
102–104 trials are needed to generate high-quality, single
(i.e. with double excitations strongly suppressed) spin-wave
excitations in experiments. A conventional way to discuss the
distribution of population in the Fb = 1 level involves the
so-called orientation O = (p1 − p−1)/

√
2, and alignment

A = (p1 − 2p0 + p−1)/
√

6; we assume the absence of
Zeeman coherence. The single-atom dynamics clearly shows
that both orientation and alignment are created by the protocol
sequence. This has consequence such as a dependence of
the degree of Bell inequality violation on joint polarization
correlation measurements of optically retrieved atomic spin-
wave excitations with signal photons [19].

The distribution of atomic populations across Zeeman
states of hyperfine levels has been studied by means of
polarization spectroscopy (see for example [25, 26]). In
this paper, we show how the degree of orientation and
alignment, or Zeeman content, of the atomic spin waves in
a 87Rb quantum memory can be ascertained in situ from
suitable measurements. Specifically signal–idler polarization
correlations are studied as a function of spin-wave storage time
Ts. We demonstrate experimentally that the Zeeman content
can be measured with high precision. As pointed out above, a
spin wave based on the clock doublet dephases slowly in an
inhomogeneous magnetic field. Magnetic Zeeman states have
a much faster dephasing rate 1/τfast. In 87Rb, there is another
class of hyperfine coherences associated with an anomalously
small g-factor, which have a much slower decay rate 1/τslow.
Our technique exploits the regimes Ts � τfast � τslow and

τfast � Ts � τslow. In the former microsecond storage regime,
the atomic state depends sensitively on the instant the spin
wave is written. In the longer storage time limit, we take
advantage of the long coherence time of the magnetically
insensitive spin waves and the relatively benign effects of
atomic motion over a sub-millisecond timescale in a cold
atomic rubidium gas. While here we apply this technique to
an ensemble of 87Rb atoms, we point out in the appendix that
this method is applicable to any ensemble of three-level atoms
whose ground hyperfine levels |b〉 and |a〉 have total respective
angular momenta, Fb and Fa, that satisfy Fa = Fb+1, and whose
excited level |c〉 has a total angular momentum Fc = Fb.

The remainder of this paper is organized as follows.
Storage and retrieval of spin waves are described in section 2.
Theoretical analysis for the situation of pure atomic alignment
is presented in section 3. Experimental methods are described
in section 4; the observed data are presented in section 5. The
details of the full theoretical model are given in the appendix.

2. Storage and retrieval of spin waves

In this section, we summarize the basic physical principles
involved in the storage and retrieval process in 87Rb. As
we are interested in extracting information on the atomic
population distribution produced by the protocol that generates
single atomic spin waves, the role of hyperfine structure, laser
polarization and external magnetic field are important factors.
A detailed theoretical treatment of the system, including the
latter features, is presented in the appendix: this is written in a
rather general way so as to be applicable to other alkali atoms.
In this section, we summarize some of the salient features
useful for understanding of polarization correlations of the
detected light in the 87Rb system that are discussed in the
following section.

2.1. Writing a spin wave

The Raman scattering of the write laser results in a joint density
operator for the electromagnetic field-atomic ensemble system
of the form

ρ̂ ≈
(

1 − iχ
∑

λ

â†
λÂ†

λ

)
ρ̂0

(
1 + iχ

∑
λ

âλÂλ

)
, (1)

where χ � 1 is an effective Raman coupling constant, and
âλ and â†

λ are the annihilation and creation operators for
the detected signal field mode of polarization λ. The spin-
wave operators associated with the write process Âλ, Â†

λ are
quasi-bosonic [Âλ, Â†

λ] = 1 + O(1/
√

N). The operators are
linear combinations of the elementary spin-wave operators
ŝmb,ma (z, t) (A.29a) and depend on the polarization of the write
field and the initial populations of the Zeeman states |b, mb〉,
mb = −1, 0, 1, where ma is a magnetic quantum number of
the |a, ma〉 state.

2.2. Spin-wave storage

The spin wave evolves in time under the influence of
a magnetic field. During storage, the atomic hyperfine
coherences undergo Larmor precession in the magnetic field
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with the z-component B0 + B′z. The homogeneous field
B0 induces Larmor precession with frequencies given by
ωmb,ma = (μBB0/�)[ga(ma + mb) − δgmb] where ga and gb

are the Landé g-factors for levels |a〉 and |b〉, respectively,
and δg ≡ ga + gb; numerically for 87Rb, ga = −0.5018
and δg = −0.002, |ω0,±2| � |ω±1,±1| � 500|ω±1,∓1|. The
Larmor frequencies |ω0,±2| and |ω±1,±1| correspond to fast
elementary spin waves ŝmb,ma (z, t) (with (mb, ma) = (±1,±1)

or (0,±2)) and |ω±1,∓1| correspond to slow elementary spin
waves ŝ±1,∓1(z, t).

Magnetic field inhomogeneities cause Zeeman shifts that
vary in space across the atomic cloud causing the Heisenberg
operator ŝmb,ma (z, t) to pick up a spatially varying phase factor
e−iωmb,ma tB′z/B0 resulting in dephasing of the stored excitations.
After storage for time Ts in an ensemble with a Gaussian
density profile f (z), the elementary distributed spin wave
Ŝmb,ma ≡ ∫

dz
√

f (z)ŝmb,ma (z) suffers a Gaussian dephasing
factor e−�2

mb,ma T 2
s , where �mb,ma = |ωmb,ma B′l/B0| and l is

the sample length. The fast and slow elementary spin waves
dephase in proportion to their precession rates. For short
enough storage time, both fast and slow spin waves may be
observed, but for longer storage periods, only the slow spin
waves remain.

2.3. Spin-wave retrieval.

After a storage time Ts, a linearly polarized read field, counter-
propagating with respect to the write laser field, is applied
near resonance with the |a〉 ↔ |c〉 transition. The read laser
converts the stored atomic excitation into an idler field by
Raman emission on the |b〉 ↔ |c〉 transition. The idler field
wavevector ki is determined by the four-wave phase-matching
condition ks −kw +kr −ki = 0; hence, the idlers are counter-
propagating to the signal field in our geometry. Idler and signal
photon pairs are strongly correlated in this geometry as they
result from a cyclic two-photon emission process in which each
atom starts and ends in the same Zeeman state. When the read
laser is polarized in the z-direction, parallel to the magnetic
field, the influence of dephasing on the retrieval process is
straightforward to analyse. In the appendix, we discuss the
more general case in which the interaction Hamiltonian is
expressed in terms of eigenstates of angular momentum along
the laser polarization direction. In both cases, the retrieval
process can be described in terms of dark-state polaritons.

3. Analysis of pure atomic alignment p1 = p−1

We discuss a limiting case that does not require the general
theory of the appendix, in which the atoms are prepared in
an aligned state (zero orientation O = 0, corresponding to
p1 = p−1).

To compute the dynamics of the signal–idler correlations,
we need to follow the fast and slow rotation of the various
Zeeman spin waves over the storage period. Some book-
keeping is required to keep track of various sets of bosonic spin
waves naturally associated with the write and read processes
with linearly polarized laser fields. Each of these subsidiary
spin waves may be written in terms of the elementary fast

and/or slow Zeeman spin waves. The subsidiary spin-wave
dynamics clarifies characteristic features of the signal–idler
photon correlations. Features due to interference of fast and
slow spin waves and their experimental observation will be
discussed later.

Recall that the elementary clock ŝ0,0 and Zeeman
coherences ŝ±1,∓1 are slowly varying in time, while ŝ±1,±1

and ŝ0,±2 are rapidly varying. We identify ‘linearly polarized’
slow and fast spin-wave annihilation operators

ŝslow
1,H ≡ 1√

2i
(ŝ1,−1 + ŝ−1,1) (2)

ŝslow
1,V ≡ 1√

2
(ŝ1,−1 − ŝ−1,1) (3)

ŝfast
1,H ≡ 1√

2i
(ŝ1,1 + ŝ−1,−1) (4)

ŝfast
1,V ≡ 1√

2
(ŝ1,1 − ŝ−1,−1) (5)

ŝfast
0,H ≡ 1√

2i
(ŝ0,2 + ŝ0,−2) (6)

ŝfast
0,V ≡ 1√

2
(ŝ0,2 − ŝ0,−2). (7)

These evolve in time as a fixed axis rotation. For example, the
slow spin waves ŝslow

1,H and ŝslow
1,V evolve in a constant magnetic

field on the slow frequency scale as(
ŝslow

1,H (z, t)

ŝslow
1,V (z, t)

)
= e−iω1,−1tσy

(
ŝslow

1,H (z, 0)

ŝslow
1,V (z, 0)

)
, (8)

with σy the second Pauli matrix. The pairs of fast spin waves(
ŝfast

1,H, ŝfast
1,V

)T
and

(
ŝfast

0,H, ŝfast
0,V

)T
evolve similarly, but with faster

frequencies ω1,1 and ω0,2, respectively. The notation is chosen
so that the V/H spin waves ŝfast/slow

mb,V/H are retrieved, after a storage
period, as V/H-polarized idler fields.

A photoelectric detection event of a signal photon with
polarization λ (λ = H or V) imprints a single-mode collective
write spin-wave excitation Âλ onto the ensemble. The atomic
density matrix conditioned on this detection is Â†

λρ̂0Âλ, where
ρ̂0 is the initial N-atom density operator. The atomic excitation
is written inhomogeneously over the length of the sample
and may be expressed in terms of local spin-wave operators
ŵ0,λ(z) and ŵ1,λ(z), arising from the initial atomic states |b, 0〉,
with probability p0, and |b,±1〉, with probability p1 = p−1,
respectively (p0 + 2p1 = 1). By tracing over undetected field
modes [27], we find

Âλ =
∫

dz
√

f (z)(μλŵ0,λ(z) +
√

1 − μ2
λŵ1,λ(z)), (9)

where f (z) = n̄(z)/
∫

dz′n̄(z′), μH = √
2p0/(1 + p0) and

μV = √
8p0/(3 + 5p0). The local spin-wave operators

ŵm,λ(z) (w for write) are quasi-bosonic with commutation
relations [ŵm,λ(z), ŵ

†
m′,λ′ (z′)] = δm,m′δλ,λ′δ(z − z′) +

O(1/
√

N), and may be written explicitly, in terms of the
subsidiary fast and slow spin waves,

ŵ1,H = − 1√
2

(
ŝslow

1,V − ŝfast
1,V

)
, (10)
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ŵ1,V = − 1√
2

(
ŝslow

1,H + ŝfast
1,H

)
, (11)

ŵ0,H = ŝfast
0,V and (12)

ŵ0,V =
√

3

2
ŝfast

0,H − i

2
ŝ0,0. (13)

The detection of an H/V signal photon produces spin waves
that will be read out as V/H idlers. Note that ŵ0,V has a slowly
varying contribution from the clock transition ŝ0,0, in addition
to fast spin waves associated with ŝ0,±2, while ŵ0,H has only
the latter.

The retrieval dynamics are governed by the Heisenberg–
Langevin equations for the orthogonally polarized idler fields,
ϕ̂H (z, t) and ϕ̂V (z, t), which obey the equal time commutation
relations [ϕ̂λ(z, t), ϕ̂†

λ′ (z′, t)] = δλ,λ′δ(z−z′), and those for the
atomic excitations. For our particular atomic configuration,
we take advantage of symmetry to arrive at a set of just three
equations (see appendix A.1), which identify the hyperfine
read r̂m,λ and optical êm,λ spin waves that couple to the retrieved
field,

(∂t + c∂z) ϕ̂λ = iκ∗√n̄(
√

p0C0,λê0,λ + √
p1C1,λê1,λ), (14a)

(∂t + �c/2)êm,λ = iκ
√

pmn̄Cm,λϕ̂λ + iC′
m,λr̂m,λ + ζ̂m,λ,

(14b)

∂t r̂m,λ = i∗C′
m,λêm,λ. (14c)

Here �c is the spontaneous decay rate of level |c〉,
C0,λ = −1/

√
2 and C1,λ = (−1)δλ,H /

√
2 are relative coupling

strengths of the idler field to optical coherences êm,λ, m =
0, 1. Similarly, C′

0,λ = √
(3 + δλ,H )/10 and C′

1,λ = √
3/10

determine the relative coupling of the optical coherences and
read spin waves;  is the read field Rabi frequency, κ is the
single-photon Rabi frequency on the idler transition and ζ̂0,λ

is a noise operator. The collective optical coherence operators
are given by ê1,λ = −(i)δλ,V (ê1,0 + (−1)δλ,V ê−1,0)/

√
2,ê0,λ =

−(i)δλ,V (ê0,1 + (−1)δλ,V ê0,−1)/
√

2, where

êm,m′ (z) =
N∑

μ=1

u∗(rμ) e−iki·rμδ(z − zμ)√
pmn̄(z)

|b, m〉μ〈c, m′|,

and ki is the idler wavevector. The read spin-wave operators
are expressed in terms of the same fast and slow coherences
imprinted in the write process, r̂1,λ = (

ŝfast
1,λ + ŝslow

1,λ

)
/
√

2 and
r̂0,λ = ŵ0,λ.

We solve equations (14) adiabatically and find dark-state
polariton solutions with the annihilation operator

�̂λ ∝ ∗ϕ̂λ − κ∗√n̄
1∑

m=0

√
pmCm,λr̂m,λ/C′

m,λ. (15)

The atomic density matrix, conditioned on the detection of
a signal with polarization λ′, is Â†

λ′ ρ̂0Âλ′ , to leading order.
The spatial distribution of the spin waves imprinted in the
write process determines the bosonic idler mode annihilation
operator ϒ̂λ(Ts) = ∫

dz
√

f (z)�̂λ(z, Ts)|=0. The retrieval
efficiency of an idler of polarization λ given the detection
of a signal of polarization λ′ is 〈ϒ̂†

λϒ̂λ〉/〈Â†
λ′ Âλ′ 〉. Using the

conditioned atomic density operator, this reduces to [17]

ηλλ′ (Ts) = |[ϒ̂λ(Ts), Â†
λ′ ]|2. (16)

Figure 2. Essential elements of the experimental setup. 87Rb atoms
are loaded in a 1D optical lattice of 6 μm period, formed by
interfering two 1064 nm beams with an angular separation 10o;
(1/e2) beam waists are 90 and 120 μm, respectively, giving a
maximum trap depth of 150 μK. The write and read fields share a
single spatial mode of waist 230 μm, while signal and idler mode
waist is 110 μm. The write/read and signal/idler modes intersect at
the position of the atomic sample at an angle θwi = 3o. PBS is a
polarizing beam splitter, D1–D4 are detectors. The inset shows the
atomic level scheme and write/read protocol, see the text.

4. Experimental methods

A sample of N ∼ 107 87Rb atoms is prepared in the lowest
energy hyperfine ground level |b〉 with angular momentum
Fb = 1 (inset of figure 2). We consider the Raman
configuration with ground levels |b〉 and |a〉 (Fa = 2) and
excited level |c〉 with energies �ωb, �ωa and �ωc, respectively.
The level |c〉 is the 5P1/2 hyperfine level with angular
momentum Fc = 1. A linearly polarized write laser pulse
with wavevector kw and nearly resonant on the D1 (|b〉 ↔ |c〉)
transition is Raman scattered to produce a signal field on the
|a〉 ↔ |c〉 transition. The write pulse polarized in x–z plane
travels at a small angle with respect to the negative z-direction.
A magnetic field produced by a pair of coils in a Helmholtz
configuration is applied in the z-direction. A single transverse
signal mode u∗(r), centred around the wavevector ks = −ksẑ,
is collected with horizontal (H) and vertical (V) components
in the directions −x̂ and ŷ, respectively. Detection of a signal
photoelectric event heralds the creation of an atomic spin-
wave excitation, which is stored for a duration Ts. A vertically
(y) polarized read laser pulse counter-propagating to the write
pulse retrieves the excitation by generating an idler field which
is detected in the spatial mode u(r) in the positive z-direction.

Atoms are collected and cooled in a magneto-optical trap
for a period of 0.4 s. The trap laser is then detuned by up to
95 MHz below atomic resonance, the quadrupole magnetic
field is turned off and the repump laser intensity is lowered
for 40 ms, in order to optimize sub-Doppler cooling and
loading of the optical lattice. As a result, the lattice contains
about 107 atoms in the 5S1/2, F = 1 hyperfine level (level
|b〉), with magnetic field B0 = 1.1 G applied along the
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z-direction. The temperature of the cloud was measured to be
20 μK. The lattice parameters, see caption of figure 2, result
in the oscillation frequencies 1.4 × 104, 400 and 30 Hz. The
lattice pancakes coincide with the constant phase planes of
atomic spin waves, thereby reducing motional decoherence.
The write/read process is phase-matched according to the
condition kw + kr = ks + ki, (kr = −krk̂w).

The spin waves are written by a 72 ms long sequence
utilizing a measurement-based feedback protocol [28]. This
begins with a 50 ns long write pulse of power � 1 μW,
detuned by −20 MHz from the free-space |b〉 ↔ |c〉 transition
frequency. If a signal photoelectric event is not detected, the
write pulse is followed by a strong clean pulse to transfer
population back from |a〉 to |b〉; the sequence is repeated at
a rate of 0.66 MHz. The clean pulse has duration 200 ns,
power 270 μW and is linearly polarized orthogonal to the
write field. Detection of a signal event by D1 or D2 heralds
excitation of the desired atomic spin wave, and halts the
write/clean sequence. Under our experimental conditions, the
fast coherence decay time τfast ∼ 100 μs, consistent with
milli-Gauss variations in the magnetic field [17]. Numerical
calculations of the write/clean sequence suggest that p0 falls
from its initial value of 1/3 to a steady state value of 0.15
within the first few milliseconds of the 72 ms protocol duration
(figure 1). The alignment symmetry pm = p−m is broken by
the presence of the bias magnetic field, at the level of about
10% under our experimental conditions.

5. Results

5.1. Retrieval efficiencies for aligned atoms

In this section, we show how the dependence of retrieval
efficiencies on storage times can be exploited to infer the
populations of the Zeeman state |b, 0〉 given that the atomic
populations are balanced, i.e. p1 = p−1. Figure 3 illustrates
the sensitivity of the read-out efficiency ηV H on the population
p0 for storage times Ts much less than the fast coherence decay
time τfast. When an H-polarized signal photon is detected, the
spin waves ŵ0,H and ŵ1,H are imprinted on the ensemble.
At Ts = 0 and ω0,2Ts = 2π , only atoms originating in the
m = 0 state contribute to ηV H . This can be traced to destructive
interference between the V-polarized fast and slow spin waves
originating from the m = ±1 states, [r̂1,V , ŵ

†
1,H]|Ts=0 = 0.

At intermediate times, the fast spin-wave rotation modulates
the interference, and the read-out contributions of w1,H and
w0,H are determined by the populations of the m = ±1 and
m = 0 states. The sensitivity of this and the other three
conditioned retrieval efficiencies, ηH,H , ηH,V and ηV,V , allows
us to accurately infer the population p0 from experimental
observations.

For Ts � τfast, we evaluate equation (16) with ω0,2 = ω1,1

and ω1,−1 → 0 to give

η =
⎡
⎣ (1+2p0 )2 sin2(ω0,2Ts)

2(p0+2)(p0+1)

3(1+(1+2p0 ) cos(ω0,2Ts))
2

2(5p0+3)(p0+2)

(1−p0−(1−5p0 ) cos(ω0,2Ts))
2

4(p0+1)2
3(1−5p0 )2 sin2(ω0,2Ts)

4(5p0+3)(p0+1)

⎤
⎦ ,

where η is the matrix with elements ηλλ′ , λ, λ′ ∈ {H,V }.

Figure 3. The sensitivity of retrieval efficiencies to the population
p0 in an ensemble without orientation (p1 = p−1). The efficiency
ηV H (Ts) with which an H-polarized idler photon is retrieved from
the ensemble given the detection of a V-polarized signal for storage
times Ts much less than the fast spin-wave decoherence time. This
conditioned efficiency is calculated over one oscillation period of
the fast spin waves (0 � ω0,2Ts/(2π) � 1) for the range of
populations 0 � p0 � 1.

Figure 4. The measured retrieval efficiencies ηλλ′ (λ, λ′ = H,V ) for
Ts � τfast. Left column: without optical pumping; right column:
with optical pumping. The circles, diamonds, squares and triangles
are for HV, VV, HH and VH idler–signal combinations, respectively.
The solid curves are theoretical, fitted according to the text.

The short-time retrieval efficiencies are shown in
figure 4, left column. By fitting the matrix η to the four
measured efficiencies with a single set of three adjustable
parameters (an overall amplitude, ω0,2 and p0), we obtain
p0 = 0.183 ± 0.003. The quoted uncertainty is determined
by the analysis of distributions of p0 generated from data
sets that are Poisson-distributed around the measured means.
To account for non-equal detection efficiencies, we rotate
signal and idler polarizations by 90o every 20 min. The total
acquisition time is 160 min. A full scan over Ts (2.1–3.7 μs)
is performed within 48 s to avoid slow systematic drifts.

To confirm the predicted influence of p0 on the retrieval
efficiencies, we optically pump with an additional laser field
tuned to the |b〉 ↔ |c〉 transition, propagating in the x-direction
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Figure 5. The measured retrieval efficiencies for τfast � Ts � τslow,
labelling as in figure 4. The solid curves represent theory, each with
an additional independent background contribution.

and linearly polarized in the z-direction. During the optical
pumping, atoms accumulate in the |b, m = 0〉 state, whereas
the write sequence reverses this tendency. The optical pumping
period, during which a cleaning field empties level a, is
30 μs, followed by 80 write/clean cycles before repeating the
sequence. The measured efficiencies are shown in the bottom
row of figure 4. Using the procedure described above, we
extract the value p0 = 0.47 ± 0.01. By varying the optical
pumping, we have obtained p0 as high as 0.75.

We have not employed a completely independent method
to verify the correctness of the inferred Zeeman distributions.
However, as an additional check we look at the dynamics of
the slow hyperfine coherences.

For τfast � Ts � τslow, the retrieval efficiencies can
be written in the general form ηλλ′ (Ts) = |p0χcδλHδλ′V +
p1χλλ′ (Ts)|2, where χc is a constant contribution from the
clock spin wave and χλλ′ (Ts) is the amplitude of the slow spin
waves ŝslow

1,λ . We note that the clock spin wave contributes only
to ηHV . The probability amplitudes for Raman excitation of the
clock transition interfere constructively and destructively for
V- and H-polarized signal emission, respectively. Explicitly,
the retrieval efficiency matrix is

η =
⎡
⎣ (1−p0 )2 sin2(ω1,−1Ts)

2(p0+2)(p0+1)

3(p0+(1−p0 ) cos(ω1,−1Ts))
2

2(5p0+3)(p0+2)

(1−p0 )2 cos2(ω1,−1Ts)

4(1+p0 )2
3(1−p0 )2 sin2(ω1,−1Ts)

4(5p0+3)(p0+1)

⎤
⎦ .

We note that in a limit of p0 = 0 for storage times
τfast � Ts � τslow, only ŝslow

1,H and ŝslow
1,V contribute to the idler

retrieval. For intermediate storage times, this pair of excitations
can serve as a qubit where the Larmor spin-wave evolution
approximates qubit rotation about a fixed axis.

In figure 5, we show efficiencies measured in the
millisecond storage time regime, in the absence of optical
pumping. By fitting the data with the above theoretical
expressions, we extract data p0 = 0.16 ± 0.02, in agreement
with the value inferred from the dynamics of the fast
coherences. This value is sufficiently small that ηV H and ηHH

show sinusoidal rotation, whereas ηVV and ηHV are additionally
modulated, as expected. The relative efficiencies at short and
long times, shown in figures 4 and 5, are consistent with our
theory, when adjusted at long times by an additional factor of
3/5. This factor is in agreement with our measurements of the
effects of atomic motion on the clock spin-wave dynamics, cf
[17].

Although the calculations leading to figure 1 indicate that
repeated write/read trials produce a slight orientation (on the

order of 10%) of the atomic sample, here we have presented
in situ measurements of p0 assuming that the populations are
perfectly balanced (p1 = p−1) in order to illustrate the theory
presented in section 3. From the general theory presented
in the appendix, we can compute the retrieval efficiencies
presented in this section for arbitrary orientation. However,
for the combination of field polarizations considered in this
subsection, a small orientation does not result in a statistically
significant effect. A non-zero orientation would best be
observed by measuring conditioned retrieval efficiencies in
a basis where the signal and idler are not linearly polarized.
We discuss such a scenario in the following subsection.

5.2. Photon correlations for oriented and aligned atoms

The presence of atomic orientation slightly complicates
the picture. Whereas the spin waves Ŝmb,ma and Ŝ−mb,−ma

contribute equally to the written excitations and dark-state
polaritons when the populations p1 and p−1 are balanced, an
imbalance no longer permits one to exploit the treatment in
section 3. In that section, the symmetry allowed us to identify
specific optical and hyperfine coherences that coupled to
either horizontally or vertically polarized light. For each
polarization, there existed a corresponding dark-state polariton
which the read process retrieves. In general, the two polaritons
propagate at different group velocities and experience walk-
off. Although we neglected walk-off in our calculation of
retrieval efficiencies, identification of the dark-state polariton
polarizations was essential in determining the specific linear
combinations of hyperfine coherences of which they are
comprised.

When the populations are unbalanced, the system still
supports two distinct dark-state polaritons that correspond to
idlers of orthogonal polarizations that experience walk-off.
However, these polarizations are no longer linear. One can
readily see that this is the case in the extreme limit where all
of the atoms are initially in the state |b, 1〉 (p1 = 1, p−1 =
p0 = 0). Here, because Fc = Fb, right circularly polarized
light would propagate through the sample at speed c and not
interact with the atoms, while the left circularly polarized idlers
experience a diminished group velocity and can be stored
in the ensemble. In that special case, detection of a signal
photon can only prepare an idler polariton with left circular
polarization. These polaritons, however, still contain fast and
slow coherences and the retrieval efficiency would therefore
oscillate with storage time, as they did when the populations
were balanced. For arbitrary orientation and alignment, the
idler polarizations corresponding to the dark-state polaritons
supported by the ensemble must be calculated using the
general formalism presented in the appendix. Detection of
an idler along a certain axis then represents a detection of a
superposition of the two dark-state polaritons.

When the imbalance in the population is large, the
effects of the atomic orientation better manifest themselves
when the signal and idler polarizations are observed in the
circular basis (êλs , êλi ∈ {ξ1, ξ−1}) as shown in figure 6.
To create the atomic orientation, we optically pump the
ensemble with circularly polarized fields prior to the first

6
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Figure 6. The measured retrieval efficiencies ηλλ′ , (λ, λ′ = +, −)
for Ts � τfast. Left column: right-hand polarized optical pumping;
right column: left-hand polarized optical pumping. The circles,
diamonds, squares and triangles are for −−, +−, −+ and ++
idler–signal combinations, respectively. The solid curves are
theoretical, fitted according to the text. Left column: p1 = 0.68,
p0 = 0.11, p−1 = 0.21; right column: p1 = 0.10, p0 = 0.08,
p−1 = 0.82.

write trial. Circular polarizations are observed by inserting
quarter-wave plates into the signal and idler paths (see
figure 2). Figure 6 shows measurement probabilities of
circularly polarized idler fields conditioned on the detection
of a left or right circularly polarized signal after a storage time
Ts. The data are fit to equation (A.42) using the population p0

and orientation (p1 − p−1)/2 as adjustable parameters. Each
of the two dark-state polaritons supported by the ensemble
propagates at different group velocities, which, in principle,
results in differing temporal envelopes φ j(t) ( j = 1, 2) for
photons retrieved from either of these modes. For simplicity,
in our calculations, we assumed that these envelopes are
identical, and we have neglected group velocity walk-off.
This approximation contributes to imperfections of the fits
of our model to experimental data. The fits of these to the
data are plotted in figure 6, resulting in inferred values of the
Zeeman level populations. For the data in the left column, we
performed optical pumping to more heavily populate the state
|b, 1〉, while for the right column, the state |b,−1〉 was more
heavily populated.

6. Conclusion

In conclusion, we have presented a method to determine
Zeeman populations of an atomic sample used as a quantum
memory. Repeated attempts to produce a collective excitation
within the quantum memory alter the populations of the
Zeeman states. By examining the retrieval efficiencies of an
idler conditioned on the detection of a signal for various field
polarizations and storage times, one can measure the resulting
Zeeman populations in situ. The theory is in agreement with
measurements on a cold atomic sample in a 1D optical lattice.
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Appendix. Theoretical model

We consider an optically thick ensemble of N � 1 alkali atoms
with ground state hyperfine levels |a〉 and |b〉. The atoms are
prepared in the hyperfine ground level |b〉 with the lowest total
angular momentum Fb. The initial single-atom density matrix
is a mixed state in which an atom finds itself in the Zeeman
state |b, m〉 with probability pm. In alkali atoms, the second
ground level |a〉 has the total angular momentum Fa = Fb + 1.
To generate and subsequently retrieve collective spin-wave
excitations within the ensemble, we consider a � configuration
where all field frequencies (with the exception of those used
for optical trapping) interact primarily with an excited level |c〉
with total angular momentum Fc = Fb. The atoms, labelled by
an index μ = 1, . . . , N, are distributed in the ensemble with
(independent identically distributed) random positions rμ such
that the mean number density is n(r).

We apply a magnetic bias field with magnitude B along
the z-axis, which shifts the energies of the Zeeman states
| f , m〉 within a hyperfine level | f 〉 by g f μBB where g f is
the anomalous Landé g factor and μB is the Bohr magneton.
However, imperfections in the field coils as well as residual
ambient magnetic fields could result in inhomogeneities in the
bias field. These inhomogeneities, as we discuss later in this
appendix, introduce spatial variations in the Zeeman energy
shifts, and consequently could result in dephasing of any spin
waves during the storage process.

To generate a correlated state between a scattered signal
photon and a stored collective atomic excitation, one shines
write field propagating in the direction k̂w nearly resonant
on the |b〉 ↔ |c〉 transition with detuning �; the write field
frequency is ckw = (ωc −ωb)+�. For simplicity, we assume
that the write field is uniform over the ensemble such that
we may take its electric field at position r and time t to
be Ew(r, t) = E(+)

w (r, t) + E(−)
w (r, t), where the positive

frequency component E(+)
w (r, t) ≡ êwEw(t) exp(i(kw · r −

ckwt)) and E(−)
w (r, t) ≡ E(+)∗

w (r, t). We collect a signal field
with wavenumber ks and frequency cks = ωc −ωa +� nearly
resonant on the |a〉 ↔ |c〉 transition with transverse profile
u(r⊥), where we have neglected diffraction so that u only
depends on r⊥ ≡ r−k̂sk̂s ·r. In the paraxial and slowly varying
envelope approximations, the quantized electric signal field is
given by Ê(+)

s (r, t) + Ê(−)
s (r, t) where the positive frequency

component is given in the interaction picture by

Ê(+)
s (r, t) =

√
�ks

2ε0
ei(ks·r−ckst)u∗(r⊥)

×
∑

λ∈{H,V }
êλ(k̂s)ψ̂λ(t − k̂s · r/c), (A.1)

the negative frequency component Ê(−)
s (r, t) = Ê(+)†

s (r, t),
and êH (k̂) and êV (k̂) are respectively the horizontal and
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vertical polarization vectors associated with a propagation
direction k̂ such that {êH (k̂), êV (k̂), k̂} form a right-
handed coordinate system and ψ̂λ(t) are photon flux field
operators that satisfy the approximate slowly varying bosonic
commutation relations [ψ̂λ(t), ψ̂λ′ (t ′)] = δλ,λ′δ(t − t ′).

These fields interact with the atomic electric dipoles for
the atoms labelled by an index μ = 1, . . . , N, d̂μ(t). When
one adiabatically eliminates the excited state, one arrives at the
Raman scattering Hamiltonian governing the write process

Ĥw = V̂ + V̂ †, (A.2)

where

V̂ =
N∑

μ=1

E(−)
w (rμ, t) · d̂μ

b,c(t)d̂
μ
c,a(t) · Ê(+)

s (rμ, t)

��
, (A.3)

the dipole transition operator between two arbitrary levels
| f 〉 and |g〉 is d̂μ

f ,g(t) ≡ P̂μ

f d̂μ(t)P̂μ
g , and P̂μ

f ≡∑Ff

m=−Ff
| f , m〉μ〈 f , m| is the projection onto the level | f 〉 with

the total angular momentum Ff for atom μ.
We find it useful to express these dipole transition

operators between the levels | f 〉 and |g〉 in terms of a vector of
Clebsch–Gordan coefficient matrices

CFf Fg =
1∑

q=−1

ξqC
q
Ff Fg

, (A.4)

where ξ±1 ≡ ∓(x̂ ± iŷ)/
√

2 and ξ̂0 ≡ ẑ are the spherical basis
vectors and the Cq

Ff Fg
are (2Ff + 1) × (2Fg + 1) matrices with

elements [
Cq

Ff Fg

]
m f ,mg

= C
Fg 1 Ff
mg q m f (A.5)

and m f = −Ff , . . . , Ff and mg = −Fg, . . . , Fg correspond
to possible magnetic quantum numbers. Between any two
levels | f 〉 and |g〉, we also define the matrix of slowly varying
transition operators σ̃

μ

f ,g whose elements are the transition
operators between individual Zeeman states. Explicitly, these
matrix elements are[

σ̃
μ

f ,g(t)
]

m f ,mg
= σ̃

μ

f ,m f ; g,mg
(t), (A.6)

where σ̃
μ

f ,m f ; g,mg
(t) ≡ exp(i(ωg − ω f )t)σ̂

μ

f ,m f ; g,mg
(t) so that,

in the interaction picture, the operators σ̃
μ

f ,m f ; g,mg
(t) ≡

| f , m f 〉〈g, mg| are time independent. By the Wigner–Eckart
theorem, one can show that the dipole transition operators
between the levels | f 〉 and |g〉 are given by

d̂μ

f ,g(t) = ℘f ,g e−i(ωg−ω f )t Tr[(CFf Fgσ̃g, f (t))
†], (A.7)

where Tr denotes a trace over the atomic angular momentum
degree of freedom, and℘f ,g ≡ ( f ‖d̂‖g) are the reduced matrix
elements of the dipole operator. To illustrate the mechanics
of the matrices of Clebsch–Gordan coefficients and operators,
we can express the dipole operators in terms of coherences
between individual Zeeman levels as

d̂μ

f ,g(t) = ℘f ,ge−i(ωg−ω f )t Tr[C†
Ff Fg

σ̃ f ,g(t)] (A.8)

= ℘f ,g e−i(ωg−ω f )t
1∑

α=−1

ξ∗
α Tr
[
Cα†

Ff Fg
σ̃ f ,g(t)

]
(A.9)

= ℘f ,g e−i(ωg−ω f )t
1∑

α=−1

ξ∗
α

Fg∑
mg=−Fg

[
Cα†

Ff Fg
σ̃ f ,g(t)

]
mg,mg

(A.10)

= ℘f ,g e−i(ωg−ω f )t
1∑

α=−1

ξ∗
α

∑
m f ,mg

C
Fg 1 Ff
mg α m f σ̃ f ,m f ;g,mg,

(A.11)

where we employed the cyclic property of the trace in the first
line.

Scattering of the signal fields produces the formation of
collective coherences between various Zeeman states within
levels |b〉 and |a〉. These take the form of collective spin-wave
operators where each atom μ at position rμ has imprinted on it
an associated phase exp[i(ks − kw) · rμ]. As we will see later,
it is the evolution and ultimately preservation of this position-
dependent phase that is key to being able to retrieve any
imprinted information after some storage time. The collective
spin-wave operator connecting the states |b, mb〉 and |a, ma〉 is
given by

Ŝmb,ma ≡
∑N

μ=1 u∗(rμ)ei(ks−kw)·rμ σ̃
μ

b,mb; a,ma√
pmb

∫
d3r n(r)|u(r)|2

. (A.12)

When the total number of photons scattered into either the
signal field mode or other modes is much less than the number
of atoms in the ensemble, by the central limit theorem, these
spin-wave operators satisfy the quasi-bosonic commutation
relations

[Ŝmb,ma , Ŝ†
m′

b,m
′
a
] = δmb,m′

b
δma,m′

a
(1 + O(1/

√
N)), (A.13)

where the O(1/
√

N) correction term is a Gaussian random
variable resulting from the statistical distribution of the atomic
positions. Substituting the form for the dipole operators in
equation (A.7) into the write process interaction of equation
(A.3), one finds that this interaction can be written exactly in
terms of the spin waves as

V̂ (t) = �χφ(t)
∑
λs

Xλsψ̂λs (t)Âλs , (A.14)

where Âλs is the collective atomic excitation imprinted by a
signal photon with polarization êλs , the interaction parameter

χ =
℘c,a℘

∗
c,b

√∫
dt|Ew(t)|2

��

√
�ks

2ε0

∫
d3r n(r)|u(r)|2 (A.15)

and the temporal envelope of the emitted signal photon is

φ(t) = Ew(t)√∫
dt |Ew(t)|2

. (A.16)

The collective atomic operator is expressed in terms of Zeeman
spin waves as

Âλ = Tr[P 1
2 Ŝ(êλ · C†

FcFa
)(ê∗

w · CFcFb )]

Xλ

, (A.17)

where P is the matrix of atomic populations with Pm,m′ =
pmδm,m′ , Ŝ has the matrix elements Ŝmb,ma = Ŝmb,ma and the
normalization factor

Xλ ≡ {Tr[(êλ · C†
FcFa

)(ê∗
w · CFcFb )P(C†

FcFb
· êw)(CFcFa · ê∗

λ)]}1/2.

(A.18)

8
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Because light scattered into modes other than the collected
signal mode leaves behind spin waves that for N � 1 are
orthogonal to that generated by the signal [27], when one
traces over the undetected signal modes, the density matrix
describing the system after the write interaction is given by

ρ̂ = Û (χ )ρ̂0Û
†(χ ), (A.19)

where the unitary operator

Û (χ ) = T exp

(
− i

�

∫
dt
(
V̂ (t) + V̂ †(t)

))
, (A.20)

and T indicates time ordering. When the interaction parameter
χ � 1, as it is in the experiments under consideration, the
density matrix may be written as

ρ̂ ≈
(

1 − iχ
∑

λ

â†
λÂ†

)
ρ̂0

(
1 + iχ

∑
λ

âλÂλ

)
, (A.21)

where the single signal mode operator is given by âλ ≡∫
dt φ∗(t)ψ̂λ(t). The emission of a signal photon of

polarization êλ leaves behind an atomic excitation in the mode
Âλ. The collective atomic operators satisfy the commutation
relations [Âλ, Â†

λ] = 1 + O(1/
√

N). However, depending on
the initial population distribution, the atomic excitations left
behind by photons of orthogonal polarizations λ1, λ2 are not
necessarily orthogonal. This will not affect the calculation
of retrieval efficiencies based on the detection of a single
excitation in the limit χ � 1, however.

After a storage time Ts, a classical read pulse with linear
polarization êr travelling in the direction k̂r = −k̂w is shined
on the ensemble. This read pulse is resonant on the |a〉 ↔ |c〉
transition. The interaction of the read field with the ensemble,
in turn, leads to the emission of an idler photon with a central
frequency resonant on the |b〉 ↔ |c〉 transition. We collect
a single transverse mode of the idler field propagating in
the direction k̂i = −k̂s. This mode has a transverse profile
conjugate to that of the signal field. The positive frequency
component of the idler field is then given by

Ê(+)
i (r, t) =

√
�cki

2ε0
ei(ki·r−ckit)u(r⊥)

∑
λ∈{H,V }

êλ(k̂i)ϕ̂λ(r‖, t)),

(A.22)

where r‖ ≡ k̂i · r and the slowly varying operators
ϕ̂λ(r‖, t) satisfy the equal time commutation relations
[ϕ̂λ(r‖, t), ϕ̂†

λ′ (r′
‖, t)] = δλ,λ′δ(r‖ − r′

‖).
When the length of the atomic ensemble L � |ks − kw −

ki + kr|−1, and in the absence of any dephasing mechanisms
during storage, the idler field is phase matched with the stored
atomic excitations [27, 29].

The read and idler fields interact with the atoms
via the electric dipole interactions. In the rotating wave
approximation, the interaction potential is given by

Ĥr =
N∑

μ=1

(
V̂ μ

i + V̂ μ
r + V̂ μ

R

)+ h.c., (A.23)

where the interaction of atom μ with the idler field is
V̂ μ

I = −Ê(+)
i (rμ, t) · d̂μ

(c,b)
and V̂ μ

r = −ei(kr ·rμ−ckrt)Er(t) êr ·
d̂μ

(c,a)
is the interaction with the read field. The interaction

with the undetected field modes V̂ μ
R accounts for spontaneous

emission.
Before examining the propagation dynamics of the idler

field within the ensemble, let us look in detail at the form
of the read field interaction. From equation (A.7), one can
immediately write this interaction in terms of transitions
between Zeeman states as

V̂ μ
r = �(t) ei(kr ·rμ−ckrt) Tr

[
σ̃ μ

c,aK†
]

(A.24)

= �(t) ei(kr ·rμ−ckrt)
1∑

α=−1

(ξ∗
α · êr)

×
Fa∑

ma=−Fa

CFa 1 Fc
ma α ma+α|c, m + α〉μ〈a, ma|, (A.25)

where (t) ≡ ℘c,aEr(t)/� is the read field Rabi frequency,
and we have defined the matrix K ≡ ê∗

r · CFc,Fa . When
the read field polarization is oriented along the z-axis, this
interaction takes on a relatively simple form in which the read
field couples a state in the excited level |c, m〉 to a single
ground state |a, m〉. One can recover a similar simplification
for an arbitrary linearly polarized read field by expressing this
potential in terms of eigenstates of the angular momentum
along the polarization direction. Such a state within a level | f 〉
can be expressed as | f̄ , m〉 ≡ ∑

m′ D(Ff )

m′,m| f , m′〉, where D(Ff )

m′,m
is a matrix element of the appropriate rotation operator acting
on a level with angular momentum Ff . Explicitly,

V̂ μ
r = �(t)

Fa∑
ma=−Fa

CFa 1 Fc
ma 0 ma+α

|c̄, m〉μ〈ā, ma|. (A.26)

Expressed in this way, one readily sees that the states |ā,±Fa〉
are dark with respect to the read field, and hence, that spin
waves involving these states cannot be accessed during the read
process. On the other hand, for the atomic level configuration
under consideration, every excited state |c̄, m〉 (−Fc � m � Fc)
is resonantly coupled to a ground state |ā, m〉 via the read
field. The presence of this resonant coupling for every excited
Zeeman level, as we will see later, permits the formation of
electromagnetically induced transparency for a resonant idler
field. Thus, comparing the expressions for V̂r in equations
(A.24) and (A.26), one can deduce that

K = D∗
(Fc)

C0
FcFa

DT
(Fa). (A.27)

In the weak idler limit, where the probability of
any one atom to be displaced from its ground state is
negligible (i.e. the populations

〈
σ̂

μ

c,m; c,m

〉
,
〈
σ̂

μ

a,m; a,m

〉 � 1),
the interaction Hamiltonian (equation (A.23)) leads to the
following Heisenberg–Langevin equations describing the
propagation of the idler field:(

∂

∂t
+ ck̂i · ∇

)
ϕ̂ = i

√
n̄κ∗ Tr[P1/2ê(1 − k̂ik̂i) · CFcFb],

(A.28a)(
∂

∂t
+ �

2

)
ê = i

√
n̄κ
(
P1/2C†

FcFb
· ϕ̂
)

+ iŝK† + ζ̂ ,

(A.28b)

∂ ŝ

∂t
= i∗êK, (A.28c)
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where ŝ(z, t) and ê(z, t) are the matrices of hyperfine and
optical local spin waves respectively with the matrix elements

ŝmb,ma (r‖, t) ≡
N∑

μ=1

u∗(rμ) e−i(ki−kr )·rμ√
pmbn̄(r‖)

δ(r‖ − r‖,μ)σ̃
μ

b,mb; a,ma

(A.29a)

and

êmb,ma (r‖, t) ≡
N∑

μ=1

u∗(rμ) e−i(ki−kr )·rμ√
pmbn̄(r‖)

δ(r‖ − r‖,μ)σ̃
μ

b,mb; a,mc
,

(A.29b)

ζ̂ (r‖, t) is a (2Fb + 1) × (2Fc + 1) matrix of Langevin noise
terms and n̄(r‖) ≡ ∫

d2r⊥|u(r)|2n(r) is the average atomic
density over the transverse idler profile. We assume that the
atomic density varies over transverse length scales much larger
than idler beam waist as it is for atoms in a magneto-optical
trap [13, 24, 28–32], or that the atoms are in an optical lattice
[17] with each site roughly equally populated such that many
lattice periods lie within the transverse profile. In this way, the
collective atomic excitations would only coherently couple to
the collected idler mode.

Because, as mentioned above, every Zeeman level |c, mc〉
is resonantly coupled to some state in level |a〉, one can invert
equation (A.28c), expressing any collective optical coherence
êmb,mc in terms of some linear combination of hyperfine spin
waves ŝmb,ma . Explicitly,

ê = 1

i∗
∂

∂t
ŝK+, (A.30)

where the superscript + denotes the Moore–Penrose
pseudoinverse. From equation (A.27), one can exploit
the unitary nature of the rotation matrices to write the
pseudoinverse as

K+ = D∗
(Fa)C0+

FcFa
DT

(Fc)
, (A.31)

where
[
C0+

FcFa

]
ma,mc

= 0 for ma �= mc and mc = Fc and[
C0+

FcFa

]
ma,mc

= 1
/

CFa 1 Fc
mc 0 mc

for |mc| � Fc. This allows one to
eliminate the appearance of the optical coherences from the
idler propagation equation. Substituting equation (A.30) into
equation (A.28a) yields(

∂

∂t
+ ck̂i · ∇

)
ϕ̂ = n̄κ∗

∗
∂

∂t
Tr[ŝRP1/2], (A.32)

where

R ≡ K+((1 − k̂ik̂i) · CFcFb ). (A.33)

Proceeding in a manner analogous to the adiabatic treatment
of Fleischhauer and Lukin [33, 34], we assume that the
bandwidth of the propagating field δ is much less than either
the spontaneous emission rate � or the Rabi frequency . In
this adiabatic limit, we may take the time derivative of equation
(A.28b), so that to first order in δ/ and δ/�, and neglecting
any time variation in , we have

∂

∂t
ŝ = −

√
n̄κ


P1/2R† · ∂

∂t
ϕ̂. (A.34)

Thus, in the adiabatic limit, the propagating idler field obeys
the propagation equation(

∂

∂t
+ ck̂i · ∇

)
ϕ̂ = − n̄|κ|2

||2 Tr[RPR†] · ∂

∂t
ϕ̂. (A.35)

The vector of matrices R plays the same role as the ratios
of Clebsch–Gordan coefficients played in the dark-state
polariton formed from a circularly polarized control field
described in [23, 24]. The quantity Tr[RPR†] is a dyadic
tensor accounting for the back action of the hyperfine spin-
wave coherences on the propagating field, since the trace
is over internal atomic degrees of freedom. Because R
contains the projection (1 − k̂ik̂i) onto the subspace spanned
by the polarization vectors, Tr[RPR†] has three spatial
eigenvectors: one is k̂i with zero eigenvalue, and the other
two correspond to field polarizations labelled by v̂ j ( j = 1, 2).
The component of the idler with polarization v̂ j obeys the
propagation equation(

∂

∂t
+ Vjk̂i · ∇

)
ϕ̂ j = 0, (A.36)

where ϕ̂ j = v̂∗
j · ϕ̂, and the group velocity

Vj = c
||2

||2 + n̄|κ|2Tr[R jPR†
j ]

, (A.37)

where R j ≡ v̂∗
j ·R. In this adiabatic limit, equation (A.32)

suggests that the propagation dynamics is described by the
dark-state polaritons

�̂ j(r‖, t) ≡ ∗ϕ̂ j − √
n̄κ∗ Tr[ŝR jP1/2]√

||2 + n̄|κ|2 Tr[R jPR†
j ]

(A.38)

which propagate through the ensemble with group velocities
Vj and obey the quasi-bosonic commutation relations
[�̂ j(r‖, t), �̂ ′†

j (r′
‖, t)] = δ j, j′δ(r‖ − r′

‖) + O(1/
√

N). The
dark-state polariton for each eigen-polarization contains
contributions from specific linear combinations of hyperfine
coherences. Furthermore, since the group velocity may be
different for each polarization, a pulse propagating through
may experience walk-off with the two components propagating
at different group velocities.

Under the phase-matching conditions [ks + ki − (kw −
kr)]L � 1 where L is the spatial extent of the ensemble, one
can express the spin waves imprinted in the write process in
terms of the spin waves retrieved by the read process as

Ŝ =
∫

dr‖
√

f (r‖)ŝ(r‖, t), (A.39)

where f (r‖) ≡ n̄(r‖)/
∫

dzn̄(r‖). The spatial distribution of the
spin waves imprinted in the write process determines the idler
mode annihilation operators ϒ̂ j(T ) ≡ ∫

dr‖ �̂ j(r‖, T )|=0.
The read process, in the adiabatic limit, results in the transfer of
the dark-state polariton modes to single modes in the detected
idler fields ϒ̂ j → â j, where â j = ∫

ϕ∗
j (t)ψ̂ j(t), where ψ̂ j(t)

is the annihilation operator for a photon with polarization v̂ j

arriving at the idler detection apparatus at time t.
From equation (A.19), one sees that the atomic density

operator conditioned on the detection of a signal with
polarization êλs is Â†

λs
ρ̂0Âλs . The retrieval efficiency of an

idler photon with polarization v̂ j given the detection of a

10
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signal of polarization λs is therefore 〈ϒ̂†
j (T )ϒ̂ j(T )〉/〈Â†

λs
Âλs〉.

Using the conditioned atomic density operator, this reduces
to [17, 35]

|[ϒ̂ j(Ts), Â†
λs

]|2. (A.40)

More generally, the detection of an idler photon with
polarization êλi conditioned on the detection of a signal with
polarization êλs is given by

ηλi,λs (Ts) =
∫

dt〈ψ̂†
λi
(t)ψ̂λi (t)〉

〈Â†
λs

Âλs〉
, (A.41)

where ψ̂λi (t) ≡ ∑
j ê∗

λi
· v̂ j)ψ̂ j(t). The polariton propagation

dynamics imply that

ηλi,λs (Ts) =
∑

j

|ê∗
λi

· v̂ j|2|[ϒ̂ j(T ), Â†
λs

]|2

+ 2Re

{
(ê∗

λi
· v̂1)

∗(ê∗
λi

· v̂2)[ϒ̂1(T ), Â†
λs

]∗

× [ϒ̂2(T ), Â†
λs

]

(∫
dtϕ∗

1 (t)ϕ2(t)

)}
. (A.42)

In the configuration we considered in this manuscript,
the idler propagated in a direction parallel to the applied
magnetic field, k̂i = ẑ. During the storage process, the stored
hyperfine coherences ŝmb,ma (z, t) evolve under the influence of
the magnetic field B0 applied along the z-axis, precessing at the
Larmor frequency ωmb,ma = (μBB0/�)[ga[ma + mb] − δgmb]
where ga and gb are the Landé g-factors for levels |a〉 and
|b〉 respectively, and δg ≡ ga + gb. The retrieval efficiencies
(equation (A.42)) involve linear combinations of commutators
[Ŝmb,ma (T ), Ŝ†

mb,ma
(0)], each of which contains a phase factor

exp(iωmb,ma T ). These superpositions of terms oscillating at
various frequencies lead to collapses and revivals of the
retrieval efficiency with storage time [23, 24]. Additionally,
however, imperfections in the field coils as well as residual
ambient magnetic fields result in inhomogeneities in the
magnetic field across the sample, which we model as a
gradient in B′ in the z-component of the field. In the presence
of this gradient, the ŝm,m′ (z, Ts) constituents of Ŝmb,ma (T )

pick up a spatially varying phase factor e−iωmm′ TsB′z/B0 , which
can also be viewed as a temporal change in wave number
�km,m′ = ωm,m′TsB′/B0:

Ŝmb,ma (Ts) = e−iωmb,ma Ts

∫
dz
√

f (z) e−i�kmb,ma zŝmb,ma (z).

(A.43)

In evaluating the commutators, each spin wave contributes a
term with a spatial Fourier transform factor

∫
dz f (z)e−i�km,m′ z.

Evaluating the commutators appearing in equation (A.42), one
finds

[ϒ̂ j(Ts), Â†
λs

] =
∑

mb,ma

R j,ma,mb pmb�mb,ma (Ts)

× [(êw · C†
Fc,Fb

)(ê∗
λs

· CFc,Fa )]mb,ma

Xλs

√
Tr[R jPR†

j ]
, (A.44)

where �mb,ma (Ts) ≡ [Ŝmb,ma (Ts), Ŝ†
mb,ma

] is determined by the
time evolution of Ŝmb,ma (Ts) as given in equation (A.43) and is

given explicitly by

�mb,ma (Ts) = e−iωmb,ma Ts

∫
dz f (z) e−i�kmb,ma z. (A.45)

For a Gaussian density profile f (z), this leads to a Gaussian
decay e−�2

m,m′ T 2
s , with �B ≡ B′l, where l is the sample length.

A.1. Pure atomic alignment

In the first part of this appendix, we derived a general
framework to describe the creation and retrieval of collective
hyperfine excitations from an ensemble of alkali atoms. Now,
we turn our attention to the special case in which the atomic
populations are perfectly aligned, i.e. pmb = p−mb , that
we described in the text. Here, the idler field propagates
in the z-direction and the detected signal that heralds the
creation of the stored atomic excitations is collected from
the negative z-direction. By exploiting symmetry relations
of Clebsch–Gordan coefficients, and by virtue of symmetric
populations, horizontal and vertical idler fields couple to
balanced superpositions of optical coherences, êmb,mc and
ê−mb,−mc , and hyperfine coherences ŝmb,ma and ŝ−mb,−ma . For
87Rb, we then recover the Heisenberg–Langevin equations
(equation (14)). These equations suggest that when p1 = p−1,
there are two dark-state polariton operators corresponding
to emission of an idler or either a horizontal or vertical
polarization. This is consistent with the dark-state polariton
operators obtained directly from the more general treatment:
horizontal and vertical dark-state polaritons propagate at
different velocities providing a group velocity walk-off.

To understand which optical and hyperfine coherences
the linearly polarized signals couple to, we explicitly evaluate
the equation of motion for the field. We begin by noting that
since Fb = Fc, the Clebsch–Gordan coefficient matrices satisfy
the relations

[
Cα

FcFb

]
mc,mb

= −[C−α
FcFb

]
−mc,−mb

. In the specific
setup described in figure 2, and with p1 = p−1, we can take
the trace of equation (A.28a) to find the equations of motion
for ϕλ ≡ e∗

λ · ϕ (λ ∈ {H,V }, eH = x̂ = (ξ−1 − ξ1)/
√

2,
eV = ŷ = i(ξ̂1 + ξ̂−1)/

√
2),(

∂

∂t
+ c

∂

∂z

)
ϕλ = i

√
n̄κ∗ Tr[P1/2ê(êλ · CFcFb )] (A.46)

= iκ∗√n̄(
√

p0C0,λê0,λ + √
p1C1,λê1,λ),

(A.47)

where C0,λ = CFb 1 Fc
0 1 1 = −1/

√
2 and C1,λ = (−1)δλ,HCFb 1 Fc

1 −1 0 =
(−1)δλ,H /

√
2 are the relative coupling strengths of the idler

field to optical coherences êm,λ,  is the read field Rabi
frequency, κ is the single-photon Rabi frequency on the
idler transition and ζ̂0,λ is a noise operator. The collective
optical coherence operators are given by ê1,λ = −(i)δλ,V (ê1,0 +
(−1)δλ,V ê−1,0)/

√
2,ê0,λ = −(i)δλ,V (ê0,1 + (−1)δλ,V ê0,−1)/

√
2 .

The horizontally polarized fields couple to optical
coherences of the form ê(H)

mb,mc
≡ −(êmb,mc + ê−mb,−mc )/

√
2

and ê(V )
mb,mc

≡ −i(êmb,mc − ê−mb,−mc )/
√

2. To see how these
optical coherences evolve, we use equation (A.28b). Owing
to the symmetries of Clebsch–Gordan coefficients between
the levels |c〉 and |a〉, [Cα

FcFa

]
mc,ma

= [
C−α

FcFa

]
−mc,−ma

, and

because K = (ŷ · CFcFa ) = −i
(
C1

FcFa
+ C−1

FcFa

)
/
√

2, the matrix

11
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governing the coupling between these levels satisfies the
symmetry relation Kmc,ma = K−mc,−ma . So the symmetric
and antisymmetric combinations of optical coherences that
respectively couple to the horizontal and vertical idler fields
obey the equations of motion(

∂

∂t
+ �

2

)
ê(λ)

mb,mc
= iκ

√
n̄pmb ϕ̂λ

∑
α=±1

(α)δλ,H
[
Cα

FcFb

]
mb,mc

+ i
Fa∑

ma=−Fa

− iδλ,V

√
2

(ŝmb,ma + (−1)δλ,V ŝ−mb,−ma )K∗
mc,ma

.

(A.48)

Specifically, the coherences ê1,λ for each polarization
associated with atoms originating in the states |b,±1〉 couple
to linear combinations of the fast and slow coherences ŝfast

1,λ and
ŝslow

1,λ . Similarly, for the atoms originating in the Zeeman state
|b, 0〉, the collective coherence ê0,V couples to the fast spin
waves ŝfast

0,V , but ê0,H has contributions from both ŝfast
0,H and the

clock coherence ŝ0,0. Only the horizontal fields couple to the
clock coherence because the paths leading from |b, 0〉 to |a, 0〉
perfectly cancel when the idler is vertically polarized. For the
coherences êm,λ, with m ∈ {0, 1} and λ ∈ {H,V }), we have

(∂t + �c/2)êm,λ = iκ
√

pmn̄Cm,λϕ̂λ + iC′
m,λr̂m,λ + ζ̂m,λ,

(A.49)

where C′
0,λ = √

(3 + δλ,H )/10 and C′
1,λ = √

3/10 determine
the relative coupling of the optical coherences and read spin
waves; ζ̂m,λ is a noise operator. The read spin-wave operators
are expressed in terms of the same fast and slow coherences
imprinted in the write process, r̂1,λ = (

ŝ(fast)
1,λ

+ ŝslow
1,λ

)/√
2,

r̂0,V = ŝfast
0,V and r̂0,H = √

3/2ŝfast
0,H − iŝ0,0/2.

From equation (A.28), we arrive at the equations of motion
for the read spin waves

∂t r̂m,λ = i∗C′
m,λêm,λ. (A.50)

From these equations of motion for balanced populations,
one can directly construct the dark-state polaritons
associated with horizontally and vertically polarized idlers
(equation (15)). To verify that x̂ and ŷ are indeed eigen-
polarizations of the system associated with dark-state
polaritons that propagate at distinct group velocities, we
can examine the adiabatic coupling matrices Rλ ≡ e∗

λ · R.
Explicitly, for 87Rb with Fb = Fc = 1 and Fa = 2, these
matrices are given by

RH =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 −i

√
3

2

C0,H

C′
0,H

0

− i

2

C1,H

C′
1,H

0 − i

2

C1,H

C′
1,H

0 − i

2

C0,H

C′
0,H

0

− i

2

C1,H

C′
1,H

0 − i

2

C1,H

C′
1,H

0 −i

√
3

2

C0,H

C′
0,H

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (A.51)

RV =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 − 1√
2

C0,V

C′
0,V

0

−1

2

C1,V

C′
1,V

0
1

2

C1,V

C′
1,V

0 0 0

−1

2

C1,V

C′
1,V

0
1

2

C1,V

C′
1,V

0
1√
2

C0,V

C′
0,V

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (A.52)

where these matrices are arranged such that the index mb

increases from −1 on the left to 1 on the right, and ma increases
from −2 on the top row to 2 on the bottom row. In general,
in a sample with both polarization and alignment, the spatial
eigenvectors associated with each dark-state polaritons are the
eigenvectors of the dyadic tensor

Tr[RPR†] = Tr[RHPR†
H]x̂x̂

+ Tr[RHPR†
V ]x̂ŷ + Tr[RVPR†

H]ŷx̂

+ Tr[RVPR†
V ]ŷŷ, (A.53)

where in terms of the atomic populations, the various tensor
components are

Tr[RHPR†
H] = p0

|C0,H |2
|C′

0,H |2 + p1 + p−1

2

|C1,H |2
|C′

1,H |2 (A.54)

Tr[RHPR†
V ] = i

p1 − p−1

2

C1,HC1,V

C′
1,HC′

1,V

(A.55)

Tr[RVPR†
H] = −i

p1 − p−1

2

C1,HC1,V

C′
1,HC′

1,V

(A.56)

Tr[RVPR†
V ] = p0

|C0,V |2
|C′

0,V |2 + p1 + p−1

2

|C1,V |2
|C′

1,V |2 . (A.57)

When the populations are equal, both the tensor components
x̂ŷ and ŷx̂ are identically zero, and the spatial eigenvectors of
the dark-state polaritons correspond to horizontal and vertical
polarizations.

Because the idler polariton polarizations are horizontal
and vertical when the populations are balanced, we chose
to investigate the efficiency with which a horizontally or
vertically polarized idler is retrieved given the detection of
the horizontally or vertically polarized signal. Applying the
treatment of appendix A to 87Rb with balanced populations,
we obtain the expressions for the written spin waves given in
section 3.
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