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COIIEN-I"1ACAI,'LAY RINGS, COMBINATORI'CS'

AI.ID SIMPLICIAL COMPLEXES

Melvin Eochsterl

Purdue UniversitY

University of Michlgan

51. Introductfon. Let A be an (abstract) finite sinPllciaL cgmplex

with vertices xo:.-.rxr, (i..., a family of subsets of {x0""'xrr}

sucll that 1f o is in A ancl t is a subset of o then t is in

A ,, ancl such that {xoi,...r{xrr} are in A )' Let K be a conmutative

ring, usually, a fielcl (throughout, al-l rings are ccmmutative''vith

id.entity) . Let S = K[xO r. . . ,xn] be the polyncmia1 ring generated by

x'r...:x' I by abuse of.notation' ve are regarding the vertices x'

as indeteroinates over K Let rA be the iiteal generatecl by the

monomials *r0...*r, , iO'".< ir , such that 
'*r',"'rxir 

is

not in A Let K[a] = S/Il

Recently G. Reisner [23] tras characterized the Cohen-Macaulayness

of KtAl in tenns of purely topological properties of A ancl certain

brrring the pr'bparation of this paper, the author uas supportecl by

Purdue Univlrsity, the University of Michigan, anci a grant from the
National Science Founclation.
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subcomplexes (the links) of A Octdly enough, the proof d.epend.s on

results of [13] irhich study the action of the Frobenius on l-ocal- cohomology.

The results are valid even when char(K) = 0 , but the proof for that

case clepencls on ttrecluctj-ontt to characteristic p > 0

R. Stanley has used. Reisnerrs result to prove the upper bountl

conJecture for triangulations of spheres (bounding the nr:mbers of faces

of various dimensions in a triangulation of an n-sphere in te:rns of n

ancl the nunber of vertices: see (92)).

We give here an expository account of Reisnerrs results (52) (as veff

as certain background material about cohen-Macaulay rings, Gorenstein rings,

proJective resolutions, 1oca1 cohomoloryo etc. in (S:))r"na w.e give a

brief sketch.of hor,r stanle.y uses the cohen-Macaulal/-ness of 'K[A] (gl+).

Moreover, we present several other applications of the id.eas'of Reisnerrs

thesis:

(a) determining the ranks of the free mod.ules in a ninimal

(graded) free resolution of TA , i.e., the ttBetti nulnberstl

of ra ( sf).

(t) shoving that the projective dimension of an ideal generated

by monomial-s in a permutable R-sequence d.oes not d.epend. only

on the ttforartt of the monomials, but on the specifie R-

sequence as well ($2).

(c) characterizing vhen I{[A] is Gorenstein - in particular, shoving

that any triangulati.on of a sphere is Gorenstein (95).

(A) cleterui-ning vhen S/f is C-M (C+f = Cohen-Macaulay) for an

', arbitrarXr icleal I .generatecl by mononiafs in xor...,xn
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(gg necessaril-y square-free any nore) (57)'

(e) recovering certain topological results from these id"eas:

e.g., ve show that Serre-Grothenclieck duality on ProJ(K[A])

reduces to Poincar6 duality on the geornetric real-izati-on

lal of A , if lal is a manifold (this depends on (c) and

on stuttying pic(ProJ(KtAl)) ) ( 56).

The results of (S5), vhile new, are obtainecl by a routine elabora-

tion of Reisnerts methods.

($5) ana (gT) are entirely new, however. We note particularly that

if dim(A) > 2 , ttrel] KtAl is Gorenstein for a1l- Gorenstein K if and

only if ZtAl is Cohen-Macaulay and the links of the (aim(A - 2))-sinplices

of -A are either circles, or lines with at most 3 vertices. lsee the

remarks, ttAdded in Proofrt' at the end.]

g.2._ 'Reisnerrs Results: Cohen-Macaulayness of K[A] Let IR be

the ?ea1 nurnbers a^nd let A be a given abstract simplicial complex vith

vertices xO:...rxr, . We iclentify x'r...:x' with the stand'ard basis

for JRt*1 , and 1et

ror = 
o l' o "o*r"* rru1l (o) ;

lal . fnt*r is a topological space. If io' "' ' ir o ancl

o = {x. ,...,x- } is in A , then o is ca.l1ed an r-face of A 'to tT

gj.m(A) = nax{r : A has an r*face} = ttre topological dimension of lll .

If K is a ring, 1et c.(A) denote the sinplicial chain complex

vith coefficients in K (we write C.(a;K) if ve need to be specific
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about vhat K is):

n /a\ -C. (A) = the free K-moclule on the i-faces of A

:,": :":]"=,:. :;',:i;:::".';T, ;;"',;.'""""';ll"]"t 
- 

'

o = {x. ,.,.rx. } , i < ... < i- '--iO'- - - '--i"' ' -0 ' *r '

, d(o) = rl=q (-r)J(o\{*., }) ,
'J

vhere o\{*i-i is tne (r - l)-face obtained. by rlel-eting *i from-JJ
o . Thete is, a clual complex C'(A;K) , wtrere

c'(A) = ttonn(c.(a),r)

Note that if f is in rion*(cr(a),K) = ci(A) , and 6 is the dif-
ferentlation, we have that for each o - {xr^,...,xi _} in A ,

io t "' 'ir+1 '

(or)(o) = rilt (-r)Jr(o\rxrrt)

fhe homology of C.(A) ("."p., cohomolory of C'(A) ) is denoted

H.(A) (or s.(A;K) , etc.) (resp., fr'(A) ) and is callea the qeduoed

simplicial homology (cohonology) of A If ve cmit C_t (resp." C-l ),
replacing it by 0 , ve get the (no"t.4"cea) siarplicial (co)horologv,

denotecl H.(A) ( tt'(l) ). Note that fri = Ei for i i1 , ancl sinilarty

for cohomology. Hi , Hi vanish for i <.0 ancl i > din(r) If K

is a fieltl, IIi and ;i are dual over K , anil sinilarly for H. , Hi

N.B.' By our definition, iiila; = g if i < O with one exception,

vhich is inportant for us:
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. =o if i+a
if A={d}, frt(l)

=K if i=-1

Note that di!0K(I{0(A)) is tne nunber of connectetl. components,

that if ain(l) > 0 , then ain*(fro(A)) = airr(no(A) - 1) , ancl so that

A is connectecl if anct only if dinK(:io(A)) = 0 , i.e., fro(l) = o

we note that II.(A) , fr.(l) ancl H'(A) , ri'(l) clepencl only on

lll , in fact, only on the homotopy class of lal ' We refer the

reacler to any text on atgebraic topology, e's', [14] ot 126l for more

detaiis.
. If A is a sinplicial conplex (tnis afvays means finite here) antl

A is a face, ve'nrite r,o(o) = r,(o) , the link of o ' for

{tinA rl1 o=Q antl tUoisinA}.

If, o = {x} is,a vertex, ve vrite l({x}) = l(x) tf AO t A is a

srtbcomplex, let lool equal

U convex hul1 (o)
oinAO

within lll. Wenotethatif x isavertexand C=U*lolol rtrt"

closedstarof xra.ncl U={p in C:p hasapositive x coortlinate],

thegpgggtarofx,then|l(x)|=c-U.MoreoverCisthecone

over L(x)

175
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Examples. (a)

A = soliti tetfaheclron

A. = i-skeleton,

i = 2,Lr0

Lo(x) = 
.,rilih,.,

ITOCIISTER

L(x) =

x^
?5

*l**1

(r)

(c)

lo^(x) =

Ln (x) =
-1

Ln(x) =0-0

Y'--1 av
1

m
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Theoren (2.1) . (C.

slnplLcial comPlex.

L of every o in

177

Note that lf o = {x. ,...,xi } , iOto "r
ot=o\{xr"},then

Ln(o) = Lr. . (*i )u to{ot) -r

ancl iterating gives foruulas like

< ... < i" , antl

La(l*io,*ir,*rrr) = o, 
(*. )(*rr)1-\Iuot*to'

Not€i .that,if o=0, t(o) =a.

.. For general facts about Cohen-MacaulaynesE n ve refer tlre reader

to,(g:). For the nohent we recall sinply that B is C-M' or Cohi:n-

Macaulayo if for every prlme P r neight(P) = depth(P) (there is an

R-s.equence of length height(P) ln P ).

:

Relener). Let K be E fleld, and A a flnite

lhen K[A] ls C-M lf and only tf for every fink

A,lncludlng a'Lo(O)'

t

ii(r.;r) =0, o1t. <tim(t)

If lAl is a iclose..) uanifold, ihe conctition on the links (other

than A ) holds automatically. Ilenceo
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Corollary (2.2). (e. Reisner). If lll is a closed nanifold, rhen

KtAl is Cohen-MacauJ.ay if and only if

frill;r;=g, o<i<din(A)

To und.erstand. this result better, let us examine tlre connection

betveen K[A] and lAl in greater ctetail.

we recal1 t4l, t;sl that the set of idears r generated. by monomials

in *0,..."*r, is a clistributive l_attice'ncler * , fl , and each such.

f is en'irred.undant intersection of icleaJ-s of the forn

m^m
{*' ur...;*r"} , iO . ... . ir . If K is a d.omain, this deconpositiontot"ur
i.s arr i.rred.und.int prinary decomposition. The icleals generated. by the

square-frde monomi-aJ_s fora a d.istributive sublattice, ancl if K is

, reducecl (no nilpotents but 0 ), these are the raclical icleal-s generated.

. by nononials.

If K isafield, g=K[xgr..,r*o], fcS,let V(I) bethe
subset of C*1 where the elenents of r vanish. rf 1 = {x, ,...rx. } ,to t"
we refer to v(r) as a coordLnate hvperplane. Let x be the set of all"

subsets of {x.r... r*r} Then rre get one-one corresponclences betlreen:

(r) s, = {subcomplexes of x}

(e) 52 = {ide"ls generated. by square-free monomials in *0,...,*rr}
(3) S, = {unions of coortlinate hyperpl-anes} .

To go froi St to S, define IA fron A precisely as in the

first parqgraph of the fntrod.uction. Henceforth, rre rela:r the restriction
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that each of xor...rxn be avertex of A : we a^llow some extra in-

cletersinates eorresponcling to t'extratt vertices (not occurring in A ).

We can go back from Se to St bY

I * {{x,,...rx- } c X : x- ...x- f t}to tr 'o 'r

Ihe correspondence of 52 to 53 is I r> V(I) We vrite

HA for v(IA) Sote that w'e can recover A from H in S, I i'e',

maD S^ to S- ) ttrus: {x. ,...0x. } is in A if antl only if the
'srrorr

element of Kl*l whose *i0,. . . ,*. 

" 
coortlinates, are 1 antl rrhose

other. coorclinates are 0 is in H

- If f = IIi , ve can viev the corresponclence t3 to St as

IIpHfl lll = lal

Nov assurle that x.r...rx' occur as vertices of A Then:

naximal- faces of A correspontl to minimal primes of A

and

din(KtAl) = d!n(i{A)

= ain(a + 1)

Notj-ce that if KtAl is c-M then KtAl has pure alimension

(a11 nininal primes have the same coheight), whence A is of pure

dimension (alI na:cinal faces have the sane tlinension) '

I,et us say that A is C-M (over K ) if KtAl is C-M'

ltrhe folldadng are exanples of the applications of Reisnerrs theorem.

t79
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0. din(l) = g KtAl is alvays C-M.

1. din(A) = 1 K[A] is C-M if ancl only if A is connected.

2. din(A) = 2 KtAl is C-td if anti only if
(") A has pure dimension.

(t) fri(a) =0, i=oo1 .

(c) Every point of lll has arbitrarily sna11 neighborhoods

, 
::::.:" 

connected even with 
",rt "rbitr*ry finite subset

Note: (c) folovs frorn the condition that links be connected.

Moi^e specific examples:

A' 
W 

is not c-M ((c) rails at. x ).

Note: L(x)= I I is not C-M, for no(r(*)) * o

B. '2-spheres are C-M.

c. A (hol1ov) torus is not C-M, since ff1 I O

D. A cylinder isnotc-M! (n1lo.) (or

course, a circle is C-M.)

E. -A. real proJective plane is C-M if char(f) I e (for then

fr1 = o ). But if char(K) = 2, fr1 + n, and the real pro-

Jectlve plane is 4ot C-M over K .

ff one looks at a fev simple examples., one is tennpted to believe
that the proJbctive resorution of an idear- generateci by monomials in a

permutable R-sequence tlepends.only on the nform,, of the set of monomia]s:
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not on the R-sequence' (see t)+1, [17], and [281 for some positive

results along these lj-nes.)

However, as observed in [23]' not only the form of the resolution

but even the proJective d.imension may va4l, even for square-free rnonoriials

in indeterrninates over a fiel-d. There is a dependence on the characteristic.

One gets exanples from Example 2'E (the real proJective plane) above:

take the ideal correspontling to any triangulation of the real proJective

plane.

We nake a few remarks about vhat happens rrhen K is not a field'

lie first note di trivial fact: the cohen-Macaulayness of K[A] , K a

E!$o clepends onfy on ctrar(K) ' Let us write Zn = Z/eZ vhen p is

a positive prime and ZO= Q, the rationals' i'e" 
'n 

is the smalJ-est

field of characteristic P

Pr.oirosttion (2.3). Let K be a commutative ring and A a sirnplicial

conplex, The foLlowing condltions are equlval-ent:

(a) K[A] is C-M.

(b) K ls C-M antl

F[A] is c-M.

(c) K is C-M and

p such that

for every field F which is a K-algebra'

Z lL7 is C-M for each positive prime integer
p

t/pdK,andrif ZcKtfor P=0 aswell'

This follovs easlly frcm the following propositi-on.

Prooosition (2.q.,
I

(a) the following conditions on a siroplicial complex
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A are equl-valent:

(1) zlLT is C-M.

(Z) K[A] is C-M for every C-M ring K

(3) Z-[A] is C-M for all prirnes p > 0 .
P

(b) Moreover, the following conditions are equivalent:

(1) QtAl is C-M.

(2) K[A] is C-M for some field K

(3)' For all but finitely many positive prime integers

P1r...rP" , K[A] ts C-M lf K is a field with

,, char(K) not in {p1,. .. ,pr} .

part (b) can be cleilucecl frorn truniversal coefficientrt theorens.

The case of prine fielcts. is evitlently crucial. or, as ln algebraic

topo1ory, one may use universal coefficient theorems to get the inforua-

tion from the case K = Z

For our purposes here it is sinpler to stick v-ith fields,
particularly positive characteristic fieltls - the Frobenius comes in
handy.

53. Depth, C-M Rlngs, ProJective Resolutions, tocal Cohonology, and

ea:g=4ry. This section is a lumping together of some basic

facts. Let R be a Noetherian ring, T c R an icleal, and M an R_

moclule of finite type. A sequence *1r...rxn in R is eallecl regular

on M " T M-sequence, or an R-ggencg on M , if (*10. ,r_xrr)U I M
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anal xlaf is not a zero divisor on lit/(xr,"',x')M, 0 < i < n'

rf rMlM,then aepthr(M),thedepthof M 9! I,denotesthe

length of any maximal M-sequence in I By a theorem, any M-

sequence in I can be enlarged to one of length aentht(M)

Proposition (3.11). If M,N are modules of flnlte type over a

Noetherianring R with Ano*(M)=I, ln5(tt)=J,and I+JtR

(equlvalently, IN'l N or M aR N # 0 ), then

rxtf,{u,u) = o if r < dept\(N)
,t;

Pxtf,(u,n) * o if t = dePthr(N)

Theoren (3.2). (Auslander-Budrsbaurn). Let M # 0 be a module of

flnite type over a local ring (R,n) Then if M has a finlte pro-

jective resoJ-ution, pd*(M) , the length of any shortest sudt resol-u-

tion, is

dep\(n) - depth (M)

propositlon (3.3). (nees). For any R=rnodule M :l 0 of finLte typ6,

if f =nnnn(r"r) then

depthr(R) < pd*(M)

Proof. Appry (3.1) riith N = R .



r84
I

HOCITSTER

Let (nr*) be elther a local- ring with residue class field.
K = R/n or else 1et R = R0 eRl eRe @... be a finitely generated

nonnegati.vely grad.ed K-algebrar K a fie1d, such th.at RO = K and

Rt generates R over Krandlet r=R1(ER2e... (We;nsert

certain adJectives parenthetically in the sequel which are needed in
the gracled. case but not ln the 1oca1 case.)

Let M be a finitely generated. (grad.ed) R-modu1e. Then M has

a minimal (graaea) resolutlon by finitely generated (graded) free
modules (ancl naps of d.egree 0 ), s€y

d' 
- d., d^

"' )t,$Fi-1 *...+tr3"o&14 >O,

rrhere the nininality meang, equivalently, that
(i) for each i : 0 , dl maps the free generators of F-. onto

'a minimal (hourogeneous) basls for In(a.) ; or
(i.i) ,foreach il1, fn(ar) .ffii-t-.

Regard K as the R-uod,ure R/n . The n,mbers b. = dinK(TorT(r,u))
are calr-edthe Bettlnumbers of M. Let f. =... +F. +... +F1*Fo
+ 0. Then

ro"l(r,u) -=H.(K€F.) =oi(... -.9-*r6F. -!*... 
-**Ro 

0 , o)

= K A F. (atl the naps are 0 by condition (ii) above),

whenee b. = rank F. 
.r

It is usually difficult, given a speclfic R and M to find. an

eq)licit minimal- resolution of M or even to cletennine the Betti numbers.
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Let x1:... rxn d.enote n elements of a ring R Let Rn = Ru1 s

... (E Ru. be the free module on n generators ' The exterior algebra

A(Rn) becomes a free complex, ca.lletl the KoszuL gompLex K' (xt" ' ' 'xn;R) '
d-d."

o+,\tRt tr...+41(Rt) l,R )o

where d-(u. A...ti A...Au., ) = rl=n (-r)i*' (''i A" 'iru' n" 'Au' )

- -o -J 
*i"' -i=o ti' to tJ t"

( ^ clenotes omission). If L = xlr"' 'xn is an R-sequence' then
/

K.(x;R) is acyclic: its augnentation is 1r1 = R/(xrr""xn)R arrd' i't

gives,a shortest proJective resolution of' M . If R is regular loca1

and xrr...r*r, is a regular system of parameters, or if R = K[*1"",*r]

and the *i are. indeterrninates, K.(x;R) gives a mininal free resolu*

tion of K , and hence nay be usecl to compute totf(f, ) ana Exti.(lf, )

WebrieflyrevievvhatitmeansforaNoetherianringRtobe

Cohen-Macaulay (C-u).

:

Definition-Proposition (3.4). The fo1-lowing conditions on a Noetherian

ring R are equival-ent:

(1) For every ideal t + * , depth(I) = ht(I) ( ht(I) =

nin{dim(R") : P ) r , P Prlme} )'

. (2) For every naxirnal ideal m ' depth(rn) = ht(n)

(3) For every maxiraal ideal m , sone system of parameters for

R is an R--sequence.mm
(4) For every prirne ideal- P , every system of pararneters for

R" is an.\-sequence.
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A ring R satisfling these equivalent cond.itons is calJ-ed.

Cohen-Macaulay.

Theorem (3.5). Let S be a polynomial ring over a fiel-d K- 1re"p.,

a regular 1ocal ring) and let I be a homogeneous (resp., arbitrary)

proper ldeal-. Ttren S/I is C-M if and onJ.y if edr(S/I) = deprh(I)

( = herght(r) ).

Moreovlr, in the graded case, lf m is the homogeneous rnaxinal

ldea1 of R = S/I , then R is C-lf if and only if R, Ls C-M.

' Proof. The first part is essenti-aI1y a consequence ot (3.2) ancl the

,. Cohen-Macaulayness of regular rings. For the second. part, see [f9] or

' [11].

(S.6) Examples of C-lrl and non-C-M rings.

0. 0-d.imensional- rings are C-ld.

1. A. 1-climensional reducecl rings are C-M.

B. Some l-climensional nonreducecl ringso e.g., f<[*ry]/(y2)

are C-M.

c. rlx,y]/(x2,ry) is not c-M.

2. A. 2-dimensional integrally closecl rings are C-M, e.g. o

.Kl*z o*yryzl c r[xry] is C-1r1.

B. Kt*2r*3ryl is C-M, even though it is not integrally closetl.

c. - 
K[x2,x3,y,]Vl is not C-I.4.

3.. tet R = K[x,y,z] = K[X,y,Z]/(x3 + t3 + z3; . Then

186
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K[xuryurzurxvryvrzv] c R[urv] is integrally closed., J-

climensional, but not C-M. See [7].

)+. A. A regu]-ar ring is C-M.

B. rf R is C-M and ht(x1r...,*r) = n ' then x1r...rX'

is an R-sequence and n/(xr,...,"r) is C-M.

C. ff R is C-M, * - (xtJ) is an r by s natrix of

incleterminates over R , and f is the icleal generatetl

by the (tr + t)-size minors in S = R[x., : i,J] , then

s/I i.s c-M. Moreover, ht(I) = (r - t)(s - t) . See

t101.

The notion of Cohen-Macaulayness is subtle and hard to unclerstand..

It rs-an I'arithmetic'r condition vith geometrie consequences.

One key point is that icleals generated by R-sequences are unm:ixecl.

Another is that r,rhen a Noetherian ring R can be represented. as a finite

nodul'e over a regular ring A, A c R r then R is C-M if and only if
:

R- iE A--free for each na:rimal icleal of A Many theorems for "curvesttmm
(l--dinensional reaiuceal rings) can be generalized in a useful vay to C-M

rings of arbitrary djrension.

One important example is Serre-Grothenctieck cluality which asserts:

Theorgn (3.7). If (x,OX) is a projective K-variety if pure dimension

r and is C-M (a1l- ite 1oca1 rings are C-M), then there is a coherent

sheaf eX on X , such that for every locally free coherent sheaf F

onX
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Hi(x,F)*: Hr-i(x,g\. a,r Fv) ,

*
where -=ttor*(,K) and u=Een6 (,0x)

"x^-
If X is nonsingular 9X = AtX/rc = the sheaf of highest order

Kiihl"er differentiaLs (the deterninant of the cotangent bundle). If
X = rPn , llx = 0*{-o-r) tf x is a cLosed subvariety of a non-

singular n-dirensionaL Y (e.g., y = Ipn ), g* = EOg};t (0",$)

See [1] for further details.

This ctuality is a generalization of part of the Riemann-Roch

theoren for curves.

For marqr "other uses of C-14 rings" e.g., the constructioir of
ttdepth-sensitivert eomplexes anarogous to the Koszul complex, vani.shing

of certain cohomology of sheaves, and extend.ing sections of sheaves,

ne refer the reader to [10], [8], t9l, t121, [13], and [25].

We next recall some basic facts about local. cohomology. Let R

be Noetherian, I an ideal , ancl M an R-modul_e. We define Hi(M) =

1+n Ext;(R/tt,u) If x1,...,x, generates an icleal rrith the sanet"
radical as I , a.nd K'(*-;rul) denotes the right complex

0+M+OM_- +@M +...+M +Ox. x.x. x....x1 ].J j. T

(g. (o+R+R-- *o)) E r'l ,1*i

H;(M) 3lr'(f'(f;u)) . See [5],lazl, and [13] for more details.
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Hi(M) depencls only on Raa(r) . The following result (see [5])

srmrmarizes some basic facts '

Theorem (3.8). Let m be a maxfmal ideal of R , and let M t" "oi-

moduLe of finite type. Let I = Arur(M) , and asstme I c m (othe::r,rise

It'(M)=0). Ttren:

(1) The modules I{(M) are Artinian (have D'C'C')' [Note: ihev

need ngt have finltg Length!1.

(2) Let d = depth (M) and h = din(Rr/rr) rhen n$tul + O ,

'. nlfui+o,u,rt nltul=o ir r<d orif l>h'
(3) II;(M) = %*,.,q, = t{U,,%, .

Trhe fact that H;(M) measures Aepthr(M) is particularly important.

In fact, quite generallY:

:

(3--g0). If M is Noetherian and IM # M , the least Lnteger d such

that

iifcul + o

is depthr(M)

lltre conclud-e this section vith,a brief dlscussion of Gorenstein

rings. A Noetherian ring R is called Gorenstqin if idR(R) is

finite ( idR d-enotes the length of a shortest inJective resolution).

The following'characterization is often more useful
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Theoren (3.9). A Noetherian ring R is Gorenstein if and only r.f R

is C-M and for every maximal (and even prine) ideal m of R and

sonre (resp., every) system of pararneters x1 r...rx. for %_,
Rr/(xrr...,xU)R, is inJective as a module over itsel-f.

We refer the reacler to [2], [1d] and [5] for details.
We note that a Odimensional 1oca1 ring (n,r) with K = R/m is

inJective i.i ana only if ron*(f ,n) = r ( Uonr"(f ,n) : ann*(n) .)

.. Moreover, if R is C-M antt x1r...rxd is a system of parameters,

ttorna(r,n/(x1,. . .,xu)R) : Ext*(K,R)

Thus ne obtain the following.

Proposition (3.10). A 1oeal. ring R wr-th residue cLass field K is
' Gorenstein if and only if

Tn the graded case we may r^rrite R = S/I , where S is a poly_

nomial ring and. r is a homogeneous ideal. Likewise, if .R is ]ocal,
i.n most cases vhich come up ve nay write R = s/r o vhere s is regular

1ocal. fn either case ve obtain the following proposition.

Proposition (3.11). rn eLther of the above cases, R = s/r is Gorenstein

, (o, o<i<drm(R)
Exti(K,R) = {- 

lK, i=dim(R)
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lf and only if the highest nonzero Betti nunber b. for R occurs when

i = ht(I) and ls I

Proof. Theconclition oJ=O for J>ht(I)=d'epthr(S)=d tt""" 
"

that pau(R) = d : i.e., depthr(R) = airn(s - d) = din(R)' Thus, this

part of the conclition asserts that R is c-M. For the resto ve refer

the reader to [2].

It,-is vorth noting that if R is C-M of pure clj:nension tl ,

spec(R) is conneictect, anti B is a hcmcmorphic inage of a Gorenstein ri.ng

S , one may associate vith R the motlule 0n = E*t3-d(n,S) n vhich is

unique up to tensoring vith rank one proJectives. If ve restrict F. to

being an a-lgebra of finite type over a field K and S to being a

polynonial ring over K , or if lre assume R is local, OR is unique,

up to isomorph:ism.
:

We note that the restriction of gX to an open affine Spec(n) of

X triIl correspond to a canonical nodule OR for the coorclinate ring of

that open affine.

One important fact we neetl for (96) i-s that a C-M ring R is 
.

Gorenstein if ancl only if 0R is a rank one proJective'

In the situation or (:.7), a C-M X is (loca1ly) Gorenstein if and

only if q, is localJy free of rank one.

i91
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R. Stanleyrs Results on the Upper Bound Coniecture. The original

upper Bound conJecture (tlsc), due to Motzkin [22], gives an upper bound

for the nunber of i-faces ot a (d + 1)-dinensional- convex polytope with

n + 1 vertices: To wit, that the maxim'n possible is the m:mber of

i-faces of a cycLic Dolytope , vhich. is d.efined. as the convex hu11 of

any n + 1 d.istinct points on the curve

' {(t ,t2 ,. . .,td*1) , t is in rs}

This conjecture may be reduced to the sinpli.cial case (the faces are

simplices) by a trick of "pu11i.ng vertices.tt rt then can be extend.ed.

to a conjecture about arbitrary triangulations of d-spheres or even

d-nanifolds 
- and. this is d_one, ty ffee [17],

In 1970 McMut-]-en (see [20] , l2l-f) proved. UBC for polytopes using a

result of Brugesser and Mani [3] tfrat the bound.ary conpl_ex of a convex

polytope is t'shell-abfert in a certain strong sense. However, not aJ.I

triangulations of spheres [30] are shel].able (or even of ce11s t2)+l) ana

the general- question remained. open, even for shperes.

R. Stanley has solved UBC for spheres nov and, more generall-y! for
all sinplicial complexes A such that K[A] is c-M for some: field. K

(equivalently, such that AtAl is C-M). See [27].

We sketch the argument. Let xor...rxn be indeteruinates over

a field K ,.1et S = K[xgr...r"r] , ancl 1et I be a homogeneous icleal

of S Then R = S/I is a nonnegatively grad.ed- finitely generated-

K-algebra generated by R, , and vith R0 = K . Such an R has a

Ililbert'function Hn defined. by
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s-(n) = ai.or,.(n )H.r!m

( U- asrees with a certain polyncnial in m of degree lfuul.l'tt
ain(n - f) for all sufficiently large n ).

When R is C.I'I one can get inequalities on the va^lues of H* by

conputing in tvo different vays (here, Stanley is follouing Macaulay"

t18l), 0n the one hand, one can represent R as a gradetl free nodule

over a polynonial s-qbring generatecl by fonrs of equal degree, while on

the other hand one can use the fact that R has.a K-vector space basis
1. r-

consisting of the images of certain monomials x1r;..xrrn such that i-f

the noncmial v occurs and ulv (fornal-ly' in S ), then u occurs'

.. 
Non, vhen R = K[A] - S/Il it is very easy to compute no = t*o

ft27), Proposition 3.2): in fact,

193

f . ('n:1) if
11

m=0

0>1,

if
Ho(n)

where f. is the number of i-faees of A .
1

The inequalities on the values of Hl for the c-lt{ case mention.ecl

above yield IJBC, in the form considered by McMu11en, [20], lzaf, at oncce.

g5. The Betti Nrnbers of K[A] Ehroughout this section a is a

simplicial complex w-ith vertices *0r...,xn , unless othenrise specifietl

K isafield, S=-K[xor...,xrrJrand R=KtA]=S/I Let bi be

the i-th Betti.nlrn@of R ovei s., i.e., the raI]k of the i-th free



194 HOCI{STER

moduJ-e in a minimal grad.ed. free resolution of R over S Thus,

t. = ainn(To"?(r,rtal)), where r = s/(x.,...0*r)
If 1 c {x6r...r*r} = V ,1et L/T clenote the largest subeomplex

of A rrhose vertices are V - t (i.e., A/I = a n aV-T ).

Theoren (5.1). Ttre i-th Betti nrmber bi of K[A] over S is given

by

h =t-i --l5qcn-i

TcV, card (Tt) -n-t

arm*frq 1a7r:r;

To see why this is true, we compute fo"9(iC,f[a]) by.using the

Koszul complex to resolve K Let x be the simplicial conplex

consisting of all subsets of V = {x'r...,**} , i..e., X = 2V . Then

, i.r'e may viev K. = Kr(x'r...rxrr;S) as the free S-module on the (n _ i)_

- facesof I (vhere,if V-o={Jf,...,Ji}, J1.....Ji,then o

corresponcls to rrr- n .. . n rr, . In te:ms of this basis for K. , ve

have that

ilo = x (-1)"(J,o)*r(o u {xr})

r'rhere the surn is taken over those *J in V - o , and where a(j,o) =

card{t : t <.J anal *t in V - o}

t_ t_
rf u = xit ... *rn in s is a nonomial , r,re r,mite srpp(u) for-1 -h

{*i , *ilu} = {x.u : tu >.1} . Ttren {u : Supp(p) is in a} is a free

K-basis rfor KtAl and {(u,o) : supp(u) is in A antt o is an (n - i)-
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face of X]

ror! (r,rtat )

(rf)

is a free K-basis for K[A] 8S Ki . Now,

= rri(K[A] os K. ) and ul*tol e,, tr, is given bv

a(u,o) = r(-r)o(J'o)(*ju,o u ixr))

rrhere the sum is talen over those *j in V - o with {xr} U Supp(u)

inA

We call- (u,o) an enyironment if Sopp(u) O o = A . Given (u,o) ,

we define an environment env(u,o) as (p/nxr,o - Supp(u)) , vhere

the product is taken over those *i in Supp(u) 0 o Note that if

{x,} U srpp(u) :.s 1n. A , then
J

(#) env(xru,o U {xr1) = snv(u,o)

Folloving G. Reisner [23], we split the complex t<[a] as K. into

a {irect sg:n of subcomplexes L? , one for each envirorunent s = (vrt) .

fn fact, if E is the set of envirorunents ancl e is in E ' L; is

spannecl, as a free K"noclule, by the set

W. = {(u,o), env(u,o) = e} .

C1ear1y, K[A] OS K. = *, i.r, U [? as K-anodules' But cl naps

L? into itself, by (*) and (#), antl we have a splitting as complexes.

Let r;(A) = fi.(t:) rhus, Torl(r,K[a]) = oe in E r:(A) , and it

remains to compute T?(A)

We next note that each elenent (U,o) in W, is gniquely determinecl,

given g = (vrt) 
" by- p = o - r' In fact' if ve define
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o. = (u["j i' p*J't u P) '
then (u,o)=g.r$here e=env(p,o) and p=o-r. Let A.={o(
A:supp(v)Up€a a.ncl rflp=l) A. isasubcomplexof*A For

each p, 1et y(p) = x*. €oo(3,.; Thus, if x, d o, 0r = o U {xr},
then

y(p')=v(p)+0(J,r)

Iifow, g * 9. is a biJection of A. with a free basis for L? (i_faces

of A. r"p {o a free basis for ti_i-"*"a(r) ). Let {p*} be the clual

basis for ci(Ae) to the basis of i-faces for ci(Ae) (i.e.o p*(o),=

ooo ). **.: 0 , o. + 1-11o(o)o* i" un isomorphism of L? with
C'(Ae) as K-modules rrhich tales t: _ ^n-i-card(t) iscmorphically onto

C'(Ae) . Moreover, for each i the cliagran

ci(Ae) ci*l(a-)

'l,lte d
L.-n-i-carcl( t ) ----_-:- ti-i-r-.""a(, 

)

conmutes, o(O(p.)) = d((-1)Y(e)et')

= 1_11v(o), (_1)B(J,o)1p U {*r})* ,

vhere B(p,J) = card{t. J :xt in p} = s(J,t) - o(J,t U p) , i.e.n
(vith arl sims taken over *j not in p , p U {x_} in O. )

o(o(0.) ) = 1-1;v(o)r *. (-1)o(i,r)-o( J,tUo )1 -r;v(ou{x3 i)r1 (o u {x, } )r)

0( (-r)v (p )r*, 
{ -r)o( 

j,t )-a( J,tUp )+v(p)+o( j,r),0 
u {x. } ).)
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- 0(xxJ(-r)"(J'tuo)10 U txr)).) = o(apr) , since

dp_ = d.(vn__ ._ 4 ,t U p) = (by (*))'e 
\1np h

t({*.}usopp(un% 
rr p \))ir, A (-l)o(i"up){*run*h ir p \ot U p u {xr})

xrnotinrUp

l

= tr*l ]Usupp(v)up) ir, A(-1)o(J "up 
) (p u {x, } )t

,'*JnotintUp

.. 
='*, not in p,pu{x.i in a. (-r)"(J'tuo)10 U {xr})' ' as

required. Ttrus, Q incluees iscmorphlsms

( xr() H , ., ,([:) = ni(a )n-]--caro\ T,l e

r-Novrif vllrsail \ isin Supp(v)othen A. isaconevith

\ as vertex: if p is in A. , so does o U tai . In this case,

fr'(Ar) = 0 n and so r?(a) = n.(f?) = o . If v = 1, e - (1,t), then

L. = A/r . Now, thi.s entire cliscussion is valicl rrhether K is a fielcl

or.not, so that rre nov have shown the following.

Theoren (5.2). For any rlng K and any A ,

torl{r,rtal) = @-t=q=o-i frq(l/t;r)

_ Tcv,card(T)t=n-i
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and

n*tl+1{r,rtAl) = e-rsq=J frq(a/r;r)
Tcv,card(T)+q=J

The first statenent is clear since rorl(r,r[a]) = e" .o u II.(L?) =

*(r,r) i' E it-i-"*d(t)117";r1, Iet Q = n - i-card(t) anal r = t .

The seconcl'statement foJ-lovs from the identification n*tj*1{frU; =

rors-r(r,n) ( N arbitrary). (ror nxtj+1(r,n) = sJ+11no3(K.,ru)) =

pJ+l1rpmr(K.,s) 8S N) and Hor(K.,S) , with the nunbering reversed, is

id.enticat ri'ittr K. , so that

HJ*l(uonr(K.,s) as N) : Hn+I_(J*r)(K. es N) = rors_;(r,irr)

, Corollary (5.3). Let K be a fieltl. Then

depth(K[AJ) : d

(geplh neans depth on the homogeneous maxlmal ideal) if and only Lf

fora11 q and TcV wlth -1:q<d-1 and q+card(T)<d-l

frq(l/r;r) = o .

Ilence, 
. 
K[A] is Cohen-Macaulay if and only if for all q and

Tcv with -1:q<din(A) and q+card(1) <din(A),

frq(a/t;r) = o .
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Proof. The first

Proposition (S.r).

din(A) + l-

The characterization of Cohen-Ilacaulaimess given here is not nearly

as useful in practice as Reisnerrs lin} characterization'

We a^Lso have: 
/

proposirlon (5.4). Let K be a field. If K[A] is Cohen-Macaulay and

ain(A). = d + 1 , then, f[a] is Gorensteln lf and only lf

o-t=q=d frq(a/t) = r
TcV , carcl (T) =d-q

Proofl By Proposition (3.il-), K[A] rrill be Gorenstein if ancl only if
:

b(o+r)-(a+r) = bo-d = f i'e' ' if anil onlv if torl-u(r'r[A]) = r '

The result is the iruecliate from Iheorem (S'Z)'

Propositlon(5.5).(a)LetAbeO-dinensionalarrdconsistofn*1

points, ot0. Then KtAl lsGorensteinifandonlyif n1I'

(b) Let A be 1-di-nensional, wlth (n + 1) vertl"ces' Ttren A

is Gorenstein if antl only lf either lAl is a circle or 1 < n < 2 and

lal ls a line.

Before proving this, we note the folloving'

assertion is innecliate from Theoren (5'2) and

fhe secontl fo]-]-ovs from the fact that din(K[A]) =
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Proposition (5.6). (a) Let x be a vertex of A Then

K[A]x s K[Lo(x)][X,1/x]

where X is an indeter:ninate.

(b) If KtAl is C-l{ (respectivCly, Gorenstein), so Ls f,O(o) for
every o in A

Proof. (a) K[A]x is grac1ecl, and. every nonzero forrn can be written

uniquely as f(x/f)t , where deg(F) = g ancl t = deg(I,) in Z Let

R be the subring of clegree 0 elenents of KlAlx Then K[A]x =

R[X,1/X]. where X i.s the inage of x . R is spanned over K by the

monomials (;- /;)h1... {i. /;;hu , x, f x , where - clenotes reductiontr- -v T

motlulo fO , and the only relatlons on the i../i are that
. (i- /x)...(i. /i) = o if i....i. i = o in K[A] , i.e., ifrlrrttu
- {xi" r... rxi..rx} is not in A , or, equivalently, {x. ,... rxi } is not

1v,1 v
in to(x) fhus, n = Klirli : x, I x] : K[Lo(x)]

(t) KtAl c-M or Gorenstein inplies K[AJ* : r{[r,A(x)][x,1/x] is
as we11, and hence, so is rtlo(x)J[x,l/xl /$ - 1) = ntlo(x)J This

proves the result for links of vertices. The general result nov follovs,

since each lO(1) is an iterated link of vertices.

proof of (5.5). Let the vertices of A be {x0,...,*r} .

(a) dJo rf tr=0, n-l(g)*no(l):Keo=K rf n)1r
. --1

we have.e*. fr-I{a - {x.}) e Ho{A) = (ot*l) e (C) = rn . Thus, KtAl
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isGorensteinif n=1 butnotif n>2'

(t) d=1. tr'Iehave

[@*rl*., fr-1(a/{*r,xr})1 * t**r. i0(v*i)t o tfr1(a)l
r-J

KtAl C-M if allcl only if A is connectecl. fn order for KtAl to be

Gorenstein, ve nust have to(x.) is Gorenstein for each i , i'e', at

most tvo edges meet at each vertex. fhus, A is not Gorenstein unless
I

it is connected ancl at most two eclges meet at each vertex. But this

sats that lal is either a circle (ancl then n > 2 ) or a line'

If lal i! a circle tben each A/{x-,xr} + 0 , so that the first.rJ
bracketecl tern vanishes, each l/{xr} is a 1ine, so that the second.

bra6keted terrnr vanishes, vhile nl(a) = r . Thus, circles are Gorpnstein'

Now suppose lal is a line with endpoints, say, *0,*r, ' If

n = 1 the sun becomes

tKlotols[o]:K

If n=2 thesumbecomes

[o o o e o] o [o eK oo] o [o] = K

(Note: fro(r/t*.t) = K.)

If n>3 then n-Ll 1 and

io(a/t*rl) = fro(l/{*,r-r}) = t<

201
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Thus, rrhen lll is a 1ine, KtAl is Gorenstein precisely if there

are at most 3 vertices.

Renarks. Ihus, vhile I conJecture that the Cohen-Macaulaynesl ot

KtAl is actual.ly a topological property of lAl , tiris is evictently

false for the Gorenstein property. Thj.s situation will be clarified in
(56), vhere ve study the Gorenstein property further.

56. 
* 

Proj(K[A]) , rhe corensteirr properry

for K[A] , and Poirtcdrd Duallty on lal . Let K be a cormutative

ring, A a si'nplicial conplex, a^ntl let (XO,*,00,") or, bri.ef1y,

(xo,0o) 
" denote ProJK(KIA])

We shaI1 compute eic(XO) anci then use the resul-t to deternine

when K[A] is Gorenstein.

W€ say that K is qemi.norrlal if for al_l n and indeterminates

U1r...r1l' Ollef K t

pic(K) + pic(K[ur,...,urrJ)

'

is an isomorphisn. (ff K is a ring, pic(K) denotes the group of

isomorphism classes of rank one proJectives untler A . More generally,

if X is schene, pic(X) is the group of isono4rhism classes of 1oca1ly

free sheaves of rank one uncler I . )

Senino:mality (d.efined ctifferently) is stuttied in [29], r.rhere a

number of equivalent properties are consiclerecl. If K is recluced
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pseudogeometric Noetherian, then t6l K

for each tr in the total quotient ring

then I is in K In Particular, if

Noetheria,n, then K norual inplies K

is seminor'mal if and only if
o?

of K , if tr-,tr- are in K

K is reduced. pseutlogeometric

seminorma]-.

203

Iheorern (6. 1) . Let

Then for every A '

K be a seninormal- reduced ring vith Ptc(K) = g

Pic(K[A]) = 0

Before proving this ve neeal the following.

ternma (6.2). Let Il , 12 be ideaLs of R, and supPose U(R/II n 12) )

U(R/II + 12) is surjective, where U(S) denotes the grouP of units of

thering S If eiq(R/rr)=0, rn=1,2'then Pic(n/rrfl1r)=0

=+ 
we may replace R by R/rLn rz , f* bv rnlr1 n T, , antl

henie assume f, fl f, = (O) Let P be a ra.nk one proJective R+od.ule.

P I R/In 3 P/InP is (n/Ir)-free and rf,e may choose pm in P so

that its inage in P/I'P is a free generator. Hence, the inages of

p1rp2 in p I R/Ir I R/I2 z p/(It + rr)P are both free generators, and

there is a unit s of R/(I1 + 12) such that P1 = o l, nod(T, + I2)P

Since the map of units if surJectiveo we have that o = d for a unit

a of R r anal then . P, - rp.. = it - iZ, where ir is in IrP '

Thenv-pl-i1=aPz-i2hastheproperbythatitsimageineither

P/ILP or P/LZP is. a free generator (we only need that a be invertible

modulo 12, fo.fact), so that 
" 

= 
l" 

+ f1P = Rv + Il(Rv + I2P) c Rlt +

ItI2 P = Rv r vhich inp1ies that P is free.
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Proof of (5.1). Let A have vertices *0,...rx' r and 1et g =

K[x.,...,*n] . We prove the result that Pic(g/I) = 6 for any idea,l

I generatecl by square-free monomials in "Or...rxr, , bX induction on

the size of the icleal: we assume the result for larger I Note that

the result is triri-ial- if f = (x.r...,*r) , and. if I is prime, then

I = (x. ,...,x. ) ror some subset {*. ,...r*, } of {xO,...,xrr} " so
'ot"to.'

that S/A is a polynomial ring, antl the resul_t fol_lovs fron the facts

that Pic(f) = 6 and K is seminormal.

Nov suppose I is not prime. Then I = I, fl f, vhere 1L,12

are strictly larger icleals of the same forur. (".g., 11 can be taken

as one prime frcm the primary d.ecomposition and rz as the intersection

of the others). since 1L,12 are strictly larger, the theoren follovs

frcmr Len:na (6.2) ( eic(s/rro) = o, m = L,2, by the induction hypothesis)

once ve know that U(S/I) + U(S/I1 + 12) is surJective. Nov 13- * IZ

is also a rad.icaf id.eal generated by nonomials. But for any such ideal

J r u(r) + u(s/J) is an isomorphism. rn fact ve reave it to the reacler

to check that if R is a nonnegatively gracled" reduced. K-algebra vith
RO = K , then U(K) + U(31 is an isorcorphisn.

Theore} (6.3). Let K be seminormal- reduced with Pic(K) = g and

suppose lAl cannot be disconnected by removing finiteJ-y rnany points

and dim(A) >'1 Let U(K) be the group of unirs of K Then

Ptc(Proj(KtAl)) = Hl(A;U(K)) e z.

where the copy of Z is generated by 0A(1) , the very ample sheaf induced
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by the hornogeneous coordinate ring K[A]

Proof. Let fi be the imege of *i in R = K[A] , J.et X = ProJ(K[A]) ,

and 1et 
", 

= **, = Spec(tKtAlx.lo) rwhere [ ]o = Oth graded pie"" 
".rid,

by Proposition (5.5)(a) and its proof, t**rro = t*rrro: r[r,o(xr)J ,

whence, Pic([nr.Jo) = o (Theoren (5.r)). Thus, if F is a loca11y

free sheaf of rank o;re on X , flxi correspond.s tc a free tRf.l.-

noclule, and it follows that if U = {XO:...,X.} (an open 
"orr""tof X )

and 0l is the sheaf of germs of units (i.e., if Y is an open affine

then [t,l(Y) = u(r(Y,00)) ttet

. 
pic(x) = il1(u;0)

Ncte that X, n "'n X. = A if and only if f, ...f.. = Q if andt1rt1t"

only if x* ...x.r is in IA if and only if {x. r... rx.i } is not in A'r1tta111r

Ift -Tu 4enotes the open star of the vertex *u in lAl , we also have

X. n...nX. =O if anclonlyif Ti n"'nT. =4.t1 tr 'l -v

We next vant to compute U([Rf.f ]o) for i I J fhere are two
1J

cases. rf fifJ = o (i.e., 
", 

0 *i = f, ), then u(t*r.rrlo)

u(tolo) = u(0) is trivial ( o denotes the zero rins). rf f.fJ I 0

(i.e., X- n xr # d ) ttren it is not harct to see that U(tRr-r,lO) =j J i.j -

U(K) @ Z , where the copy of Z is generated by the inage of x./x, crrJ

f,ff , , i.e.,1J

, u(["rrrr]o) = u(r<)t Gr/t.)' ' r in z]
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if f-f. I O . Thus, a dech l--cocycle is deteruinecl by a pair of f\rnc-1J
tions lrlr on the set of pairs (irJ) such that i I J ancl

x- nx, IQ,wherefJ

r (i,J ) is in u(K)

u(irJ ) is in z

antl satisfling

(i) I deterrnines a 6ech l-cocycle on {X0,...,Xn} vith co-

r, efficients in the constant sheaf U(K)

(il) u(i,J) = lr(J,i) (nhen defined) and if i,J,k are clistinct

ancl *' fl *J n \ = @, then u(i,J) = u(J,k) = u(k.,i)

(The cocycle is then obta,ined. by send.ing (i,J) - r(i,J)(tr/trlu(i'3)
if i # t and x- n xr I 0 (i), (ii) are precisely what ue need to-1J
guarantee that this is a cocycle.)

Ttre pairs {i,Ji such that i + J ancl X. n XJ I @ correspond

precisely to the edges (1*simplices) {xrrxr} in A Thus, ve may

view u as a function on the etlges, vith the property that it is constant

on the bounclary of each 2-sinplex of A . This easily implies that u

is constant on all the ed.ges of any simplex o in A Consid.er the

equivalence relation on the maximal- simplices generated. by requiring o ru T

if o and. t have an eclge in corunon. Clear1y, if two edges 1ie in

equivalent simplices, p has the same vaJ-ue on both. For each

equivalence clelss C of maximal sinplices, 1et C* be the set of points

of lal lying in one of these sinplices. Then clearJ.y, for distinct
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equivatence classes Ct,C2 , ci n c2 is finite' Ilence' if there

*
is nore than one ci of positive d.imensiono we can disconnect lal by

removing finitely many points. But no c* can be zero-d.imensional, for,

since din(A) > 1 and lll - 0 = lal is connected, each naximaJ- facd

of A is Positive tli-rnensional'

Thus, there is only one equivalence cIass, and p must be constant'

say u(i,J)=m forall (t,J) suchthat i#J an't x'nxJl0'

It follovs that there is a 'nique 
dech l-cocycle ), with values in

the constant sheaf u(K) and a unique integer m such that for a-l1 i'J

, y(i,3) = r(i,3)(r-lr")nIJ

0n,the other hand, arry cobountlary actually comes fron a o=coch.a.in vith

values in the constant sheaf u(r) , ror u(tRf lo) = u(tt[Ll(xi)l) = u(x)

i
Moreover, the cocYcle

(i ,i ) * (r. /rr )n

a
correspontls to 0"(n) = 0x(1) n 

' Thusn

where the

Let

vertices.

rre have

pic(x) = Xl(u,tt) = il](u;u(r<)) e z

copy of Z corresponcls to the povers of 0A(1)

T = {T0,...,r*} be the open cover of lal by open stars of

Since T.. n ..'n T- = O if and only if X., n "' n X' = A
t1 r" '1 -r

H1(u;u(r<)) = il1(r;u(r)) = il1( lrl;u(r)1 = n1(lal;u(r))
i
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(sinplieial or singular) : ril(a;U(r<)) (sinpliciaJ-).

We are now read;r to apply this resul-t to the stuily of when KtAl

is Gorenstein. The case ain(l) < t vas hancl-Led. in 95.

ttreorenr (6.4). Let K be a seminornal. reduced Gorenstein ring with

Pic(K) = 0 and A a simpllcial_ compl_ex with verticea x.r...r\
r'

Let 5 = K[x6,... ,*r] and Let

,, 9o=qnxt|{(r[A],s))-,

where rde assrme d = din(A) > 1 { eO is the canonical sheaf on

(XA,OA) = Proj(K[A]) , if Xa is c+I). Then. K iAl is.Gorenstein l-f

and only if the following two conditions hol-d:

(1) K[A] is C-M.

(2) For some integer m , o^ = 0^ (m)
NA

Before proving this, we state and prove the follor,iing important

coro11ary.

C6ro11ary (6.5). If K Ls seninormaL reduced corensrein vith pie(K) = O ,

A is a sirnpliciaL complex with din(A) > 2 , A is C-!l over K with

corensteLn linAs of verticesr,and nl(a:U(r)) = 0 , then KtAl is

Gorenstein.

Proof. The frypothesis on the links inplies that XA is (tocalltr)
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Gorenstein, i.e., that g^ corresponcls to alr el-errent of pi"(Xl) 
=

n1(l;u(r)) ez= o oz = z ,by Theorem (6.s). (Note that since K[A]

is C-M, ain(l) > 2 , the iinir or eac} vertex is connected: this

inplies easily that I I I cannot be disconnected by removing finitely-

na,ny points. ) Since this copy of Z corresponcls to ttre elenents

{0"(n):n in Z}rvehavethat q:0*(n) forsome m,andwe

nay apply Theorem (5.)+).

Proof of Theoren (5.4). The necessity of (f) is clear' Let

Dl = E*t3-d(K[^],S) ,

so .that gO = O; . 
lt 

K[A] is Gorenstein, then since Da

canoni.cal motl.uJ-e, Dl is a (graded) rank one projective over K[A] '
and, herrce, free, i.€., oo = R(m) for some m , where R = K[l] and

(m)' inaicates shift of grading:

tR(n)Jn = Rm+h

But then ol = *(t)- = po(n)

Now assume contlitions (f) ana (Z). We must show that K[A] is

Gorenstej-n. It suffices to show that the grad.ed R-mod.ule Do , vhich

is a canonical module, is free (si.nce KtAl is knor:r already to be C-[4),

i.e.. that O. = R(m) for some positive integer m (as gracled' R-.A

noclules ) .

No$, with m as in conclition (2), we knov that oo:00(m) = n(m) ,

ancl we know that Dl antl R(n) .are both C*M moclules of naximal

climension o""t' R ' Hence' if P = bi=1 Ri we have (since ain(l) > z )
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that aenthn(R(n)) = d.epthn(Do) = heisht(p) = dirn(a + 1)' z - rf(n) =

nltnl = 0 , rrhere E = DA or Uli) . Hence, by the ctiscussion on the

bottm of p. 131+ of [13], we have

DA = e--.t.- r(xl'DA(t) )

= @_-.t.- r(xn,n(n)(t) )

(tor D^ (t) = 0^ (n + t) = n(n) (t) )' a. A.
/

= R(n)

it

We next 'renark:

Proposition (6.6). Propositlons (2.3) and (2.4) hold wirh "Gorensteint,

replacing t'C-:lnf" throughout.

The next few propositions give some explicit, useful, sufficient

(and, sonetimes, necessary) conditions for K[A] to be Gorenstein.

Theoren (6.2. Let A be a sinpllcial complex, din(A) > 1 The

fo1l-owing conditions on A are equivalent:

(1) ZLLI is Gorenstein.

(2). ZlLl is C-M, and for each (din(A - 2))-sinplex o in A ,

l,O(o) is either a clrcle, or a line rdith at,nost 3 vertices.

(3) For every prine field K of positive characteristic, KtAl

is Gorenstein.
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(4) For every Gorenstein rlng K ' KtAl is Gorenstein'

Proof. 1rhe equivalence of (r), (:) and (l+) follovs from (5'5) ' (z)

is clearly necessarT: z[Lo(o)J w"ill be Gorenstein, ancl r'o(o) is

1-climensi.onal. Thus, the interesting fact is tfrat (2) i-llies (1).

fhus, assume'(z). we must show that 7.l\l is Gorenstein. we use

inctu.ctionon din(A) rf din(a)=1' A=I,o(0) (0 isa
i

(-1)-sinplex) is a circlen or line with at nost 3 vertices, ancl ve

are clqne.

'.Nov assund' ain(A) > 2 . fhe hypothesis of (2) passes to links

of vertices. Ilence, for each vertex x r rtto(x)1 is Gorenstein'

by -the incluction trYPothesis.

' fhus, ue may conclucle from (6.5) tfrat ZLAI is Gorenstein provided

:

(since v(z) z z2 ).

fil1tizr) = nl(n;zr)

n1(a;zr) = o

But ZtAl C-l.,I inplies T.ZlLf C-M' which inplies

= Q if din(A) > 2

corol'larv (6.8). rf lll is a sphere, K[A] is corenstein'

'' lhis anslrers a question of R. Stanley' The special role of ZZ

hereisanalogoustqthespecialroleZzplaysinthetliscussionof

orientabilitY of nanifolds.

Prooosition (6.9).
\

Let K be a field of char(2) ' Suppose dln(A) > 1
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Then KtAl is Gorenstein if and only if KtAl is c-M and for each

(dirn(A - 2))-siurplex o in A , LA(o) is eLther a clrcJ.e, or a line
ririth at most 3 vertLces.

In thLs case RtAl wilL be Gorenstein fcr each Gor"r,"a"i.o R such

thrit the irnage of each odd integer in R is invertible.

Proof. For the first part rre may assume K = zz . The argument is then

the sane 
"s 

itr (z) implies (r) in the proof of Theorem (6.7), except

that re conclud.e that

n1(a;u(r)) = o

here because u(l{) is trivial!

0nce we know that Z.IAJ is Gcrenstein, ve also know that QtAl

is Gorenstein, and in fact, that L[A] is Gorenstein for aJ-I fields of

' characteristic 2 or c . The \ypothesis on R inplies that every field
.. R maps into has .characteristic 2 or 0 .

Proposition (6.10). Suppose dim(A) > L , QtAl is C-M, and for each

(din(A - 2))*sinplex o in A , LA(o) is a circle or a Line with at

most 3 vertices.

Suppose al-so that if AO is either A or a l-ink of a sinpLex l-n

A and dim(A.) > 2 , then nl{a.;zr) = o

Ihen for every Gorenstein ring R which contains Q , RtAl is
Gorenstein.
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Proof. R napg only into fields of characteristic 0 a.nd so it suffices

to shov that S[A] is Gorenstein. It is enough to show that for some

prinre p r z_f\] is Gorenstein.
P-

Let AO run through A ancl its links of dimension > 2 . Ihere
1

are orily finitely nany primes q such that H (LOtz2) + o for scme such

Ao n since, by the c-M prcperty for Q[A] , ti1(lo;Q) = o for arqr such

AO Let e1r...r\ be al-J- these primes. By hypothesis' al.l the q.i

are otlcl, and so there is a prime p in the aritbmetic progression

, i{(zir+:-)(tr...%) * 2 z:n=0,1,2,...}-,

in faci, infinitely many. Ilence ve can choose p such that

e, / (l - 1) , i = 10"',t '

We shal-l sholr that z LLI is Gorenstein. As t'eforet using
p

inctuction on din(A) , the fact that the hypotheses pass to li-nks, and
:

so forth, ve come clovn, by (6.5), to the problem of showing that

n1(lo;u(zn)) = o ,

for links AO of climension a2 , as above. Since

order p - 1 , it has a filtration by copies of ,n

in {qf,,...r\} is prime, and the result follows.

u(zp) has

, where q is not

a substantia'l ly finer analysis of

properties o ve shal1 pursue ttre issue

Although it is Possible to nake

the Gorenstein property and related

no. further here.
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Hovever, lre d.o vant to point out that there j.s a relationship

betveen Serre-Grothenclieck ctuality on ProJ(KIA]) and Poincard

cluality on la I .

For the rest of this section, assume that K is a fielcl, and

that A is a sinplicial complex of pure climension al > 2 . Assume

also that each link of a vertex of A is C-M lgt not lhat K[A] is

c-M' 
/

Theorem (6.11). Under the hypotheses above

(i) Hi(xA;oA) = Hl(A;K), 1 < i < din(A)

(ii) H^(xA;oA(n)) = 0' n * 0' I < i < din(A)

(tii; ttd{xo;00{r)) = 0, m > 0, d = drn(a)

Proof . Let R = K[A] anct P -- (Ei>1 Ri One can retluce the charact6ristic

' O case to the characteristi.c p case ancl in characteristic p one msy

.. assume that K is perfect or even Z/pZ We then decluce the result

from Theoren 1.1 of [13l, using the fact that

4(R) = [Hi(K'(x0,.. . ,xrr;R) )Jo ,

,

where K' denotes the Koszul complex w'ith the nr.rnbering reversecl and

the fact that

tr$tnlt* : Hi-1(x,ox(m)), i > 2

The vanishing results are innecliate fron Theorem (Z.f). Nov, for

1<i<ain(A) wehave
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tti{xo,oo) e [Hi*1(K' (xo,...,xrr;R) )10

= tt^-i([K. (*0,. . ,xrr;n)10)

fhe gracling on K'(5n) is such that a K-basis for tKi+1(*;n)lo

consistsofproductsofmonomia^Isofd.egreei+landelementsofthe

free basis: hence, in [Ko*r(xo,...,xrr;R)Jo ve alloli only monomials of

alegree i + 1 If rre trace this restriction through our itlentification

of rorl-r{n,rtal) ( = ttr-r(K. (x;R) ) with

, i *:tsq=i 
-,- . 

frq(l/r;r)
Tcvncard (T+q)=i

ve see that the O-th gradeci piece corresponds to the unique tern for

vhich I = Q (we are following the sane argument as in [23].) [trus'

, 
ni(xo,Oo) : fri(lrr) : fri(a;r), 1 < i < din(a),

as'required.

Discussion. hle can nov relate serre-Grothend.ieck tluality on

ProJ(KtAl) wittr Poincar6 clualitv on lal '

Suppose that lll is a manifold, or even mereJ-y that A is of

pure climensi.on ct and that for each vertex x ' K[LA(x)] is Gorenstein'

(In a nanifolcl, aI1 proper links are homology spheres and hence al-1

proper links are Gorenstein.) Suppose that n1(a;u) = 0 r vhere U is

the units of the prine fielcl of K (In fact, it is possi-ble to allov

K = Z t in vhich case U is onlY ,Z ')
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The contlition on the links of vertices inplies that q is loca11y

free, whiJ-e the condition on ff1(A;U) inplies that or^ = 0^(n)

for some m .

Now if F is any loca1ly free sheaf on XA ve have

tti(x,F)* = tid-i(x,q 6 Fv) ,

(see (3.7)) vhere * = ttor"( or) and v 
= Igggo( ,00) . rn

particular,

,, ,i1x,oo)* s Hd-i(x,o^(n))

Thus.,if nl0rweobtain

I ni(x,o^)=0, 1<i.<d

(and it is possible that n I O ).

If n#0,vehave

ni1x,0o)* = ud-i(x,oo) ,

anct, by (6.n;, ni1x,0o) : gi(l;tc) , 1. i < d . Thus, vhether

m#0 or o=0rveh.ave

H-(A;tt) = ttd-i1a;r;*, 1 < i < cl - 1,

i-.e., as clai4ed earlier, Serc'e-Grothend.ieck duali.ty recluces to

Poincar6 d.ua1ity.
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97. Ihe Cohen-Macaulav Propertv for Ideals Generated bv Monomials which

uay Involve Higher Powers. In this section we sketch qui-ckly a technique

for dealing with arbitrary ideals generatetl by nonomials'

h_ h.x.l_ ... x.tt1 tt

in the intleterminates x.r...rxr, . For simplicity, ve deal only with

fielcls.
I

Let K be a fielcl , 1et *Or.:,. r*r, be incleterninates over K , ancl

let S = K[x.r...r*r] . let J be an ideal of S generated by rnonomials

in the xrs. Tf f,is another monomiaJ- in the xrs, f is not in J ,

ve shal1 ea11 naa(.r:f ) an associated radi.cal !gg! of J

Rad(J:1) = nad(J) is always one of, these: let s/naa('r) = K[a] =.

S/I^ , vhere A is the sinplicial complex of supports of mononial-s
A

not in naa(J) Raa(J) is alvays one of the associated radica.l ideals

of 'J , vhile the others corresponcl to certain subcomplexes of A

:

Ilenie, J has only finitely many associated radical id'eals'

Theorem (7.1). with the above notation:

depth(S/J) =nin{depth(s/I) : I l-s an

associated radical ideal of J]

Ilence, S/J is Cohen-Macaulay if and onLy lf alL the s/I are Cohen-

Macaulay of the same dimension.

Ptoof. One may, red.uce as in [13] to.the case vhere K is a perfect
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fielcl of characteristic p > 0 . Let 9(S/.I) denote S/J regarateal as

a moclule over itself via the e-th pover of the Frobenius hcmonorphisn.

Then

aetthrr"(s/J) = depths /ttG/t)

ft suffices to shov that for large e , u(S/,f) is a clirect sum of

cyclic modules v'ith ratlical annihilators such that the set of annihilators

vhich oecur,is precisely the set of associ"ated radical ideals of J

To see this, first note that, for any e , the monomials

h^h
I = xo0 ... \"

such that each h. . pt and g not in J give rise to a d.irectt

sun decomposition of u(S/.f) into cyclic modules. fhe annihilator

of the cyclic motlule arising from a given g is

{r in S/.1 : rP g is in J}

For fixed g ancl large e this is precisely

Rad(J:eR)

Itrus, every associated radical ideal occurs for e sufficlently large.

Moreover, if pt exceecls all integers which occur as exponents in

a set of generating monomia1s for J n then

e
MDr--g in J,0>1, r amononial ,

e
Dimplies r- g is in J ,
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regarclless of vhich llonomial g is. Ihus, for large e aI]- rLhe

annihilators are (associated) radical antt all the assoclated raclical

itleals occur.

Exanple. Let 1 = (srrxvl]rv) in K[xryrurv] , vhich corresBon'ls

to the simpliclal comPlex

xyuv

D-.
fit*, SF is C-M. Hovever, S/f is not C-.M' since

12 : xv = t + (yu) is rattical

( (xv) (yu) = (xy) (uv) ' in 12 ) , and I + (vu) corresponds to

r>---,a +-4
,xyuv

:

whlc"h is dlisconnectecl antl, hence, not C-l'l'
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Added in Proof.

a) R. Stanley has vritten the author about the folJ-oving new

results: Let A be a sinplicial complex of pure d.imension d Let K

be a field (aIt cohonolory if taken irith coefficients in-K ).
i) J. M':rkres has shovn that I(tAl is c-M if and only if for

all x ln lal , Hi(lAl,lal -{x}) =Hi(lAl)=0n i<d,anct
. has given a sinilar eharacterization of depth I(tAl

r ii) J. Munkres ancr R. stanley have shon-n, increpend.ently, that
rtail is Gorenstein if and only if At is the ..roin of a simplex

ancr a simplicial complex A as above such that KtAl is c-M and

ror a:-l .x ln lal , Hd( l^l,lal - {x}) = Hd(lAl) = r ..

b) fhe present author has given, ind.epend.ently, nore conplicated.

characterizations of the C-M property (and of d.epth) for KtAl in terqs

' of purely topological properties of lal , arong the lines inclicated i.n

t8l (but wlth cohomology over K replaci-ng hornotopy).

c) The author vrishes to thank R. stanley for correcting the

reference to a non-shellable sphere, and L. Bil_lera for correcting the

inequalities in Cor. (:.:).
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