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Introduction

Goals
Produce images and 3D models of convex projective geometries in R4

Set Up
• The real projective space RPn is defined as the set of lines through the origin, i.e. RPn =
Rn+1/∼ where x ∼ y ⇐⇒ ∃λ ∈ Rn+1 \ {0} satisfying x = λy

Example: The space RP 1 may be visualized as the circle S1, by mapping every vector in R2 to its
unit vector.
• A projective transformation γ : RPn→ RPn is an element of PGLn(R)

• A line in Rn+1 would correspond to a projective point in RPn

Definition. An affine chart in Rn+1 is a map to a translation of an n-dimensional linear
subspace.

The cone x2 + y2 < z2 viewed in the affine chart z = 1 looks like an open disk. When viewed in the chart
x = 1, the cone looks like a hyperbola.

Definition. A set A is convex if and only if the line segment containing any two points of A is
also contained in A.
Definition. A set A ⊂ RPn is convex if and only if there exists an affine chart in which A is
convex. Moreover, A is properly convex if there exists a hyperplane P such that A ∩ P = ∅ in
some choice of affine chart.

The set pictured below is convex. Moreover, it is properly convex as well.

Definition. Hilbert Metric dΩ(x, y) = 1
2 log

(
|yb|
|ya|
|xa|
|xb|

)
[3]

The Hilbert Metric is invariant under projective transformations.

2D Models

Figure 2: Tiling and Boundary of a Kac-Vinberg Cone

A Kac-Vinberg [1] cone is a properly
convex domain in R3 that is useful to
imagine as a ”lumpy” cone.

We can use the projectivization of
the Kac-Vinberg cone to the left
as a 2D-analogue to the 3D-shape
that comes later. There are many
shared characteristics between the
two domains.

In the image produced to the left, we
have taken the affine chart z = 1.

• A domain Ω will admit a tiling if and only if there exists a symmetry group Γ in which the
quotient Ω/Γ is compact. When this happens, we may pick a fundamental domain — which
is one of the triangular tiles — and act on it with Γ to get a tiling of Ω.
• The symmetry group Γ is generated by three reflections R1, R2, R3. The top and bottom

eigenvectors of R1 ◦ R2 ◦ R3 — that is, the ones with the largest and smallest eigenvalue
moduli, respectively — lie in the boundary of Ω. These extreme eigenvectors behave as
attracting points under compositions of R1◦R2◦R3. Meaning, as n→∞, under (R1◦R2◦R3)n

points will move toward the top eigenvector, and toward the bottom eigenvector under the
inverse.
• Projective transformations preserve the boundary of Ω — that is, send boundary points

to other boundary points — so we can follow the orbit of these extreme eigenvectors to
approximate the boundary of Ω. We then take the boundary of the convex hull of these
boundary points to get an approximation of the Kac-Vinberg cone’s true boundary

3D Models

• The images are programmed using Python, and written into the stereolithography (.stl) file
format. This allowed us to easily visualize our model, as well as give us the ability to 3D print
it. Our choice of Ω was due to Benoist, where we study the orbit of triangle T with vertices
e1, e2, e3 under 5 given generators for the symmetry group Γ. The fundamental domain, or
tile, used here is a triangular prism [2]
• Since the orbit of T is dense in ∂Ω, the orbit of T on ∂Ω under Γ gives an approximation of

the shape of Ω [2]
• As seen below, Ω is viewed in the chart x + y + z = 1 of R4. We are interested in perturbing

the shape of Ω. In particular, we study how Ω varies when we modify two of the generators
of Γ, R3 and R4 where:

R3 =


0 0 1

a 0
0 1 0 0
a 0 0 0
0 0 0 1

, R4 =


1 + µ µ µ −µ
µ 1 + µ µ −µ
µ µ 1 + µ −µ
ν ν ν 1− ν


Here, we fix a > 1, d = 3, 4 or 5, µ = 4a

(a−1)2
cos2 π

d and ν = 2 + 3µ The three figures below
illustrate Ω when a = 2 and d = 3 viewed from the front, side, and top respectively.

Observations

By varying the parameters a and d, we perturb the shape
of Ω as seen in our chart.

Conjecture 1. For a fixed d, increasing a will elongate
Ω, making it appear more prismatic. As a → ∞, the
shape of Ω approaches a triangular prism.

Conjecture 2. For a fixed a, increasing d will make Ω,
look more hyperbolic.

• An appropriate choice of affine chart is crucial as some
affine charts can give unbounded representations of Ω

• Ω as viewed in x = 1 is a paraboloid, which is not
properly convex. This made it harder to study the
reflection group Γ and associated properties

Illustrations of Ω Under Perturbation

Figure 6: a = 4, d = 3
Figure 7: a = 6, d = 3

Figure 8: a = 10, d = 3
Figure 9: The
convex hull of Ω
as a→∞

Figure 10: a = 2, d = 5
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