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Introduction

Background:
A metric on a set X is a function d : X ×X → R such that:
1. It is positive definite i.e. d(x, y) ≥ 0 for all x, y ∈ X and d(x, y) = 0 if and only if x = y.
2. It satisfies triangle inequality: d(x, y) + d(y, z) ≥ d(x, z) for all x, y, z ∈ X.
3. It is symmetric: d(x, y) = d(y, x) for all x, y ∈ X.
The pair (X, d) is called a metric space.

Example 1. The Euclidean Metric on Rn is:
dEuc( ~X, ~Y )=

√
(yn − xn)2 + · · · + (y1 − x1)2

Example 2. The Taxicab Metric on Rn is:
dTaxicab( ~X, ~Y )=| yn − xn | + · · ·+ | y1 − x1 |

Remark: The Taxicab Metric is one example of a Polyhedral Finsler Metric.
Polyhedral Finsler Metrics (PFMs) are of particular interest here:

Definition. Given a convex polygon P about the origin, the Polyhedral Finsler Metric on
Rn is:

dP (p, q) = λ such that q − p ∈ λP and λ ≥ 0.

Remark: A unit ball about p ∈ X is the set of all points ∈ X with unit distance from p.
Polyhedral Finsler Metrics are examples of weak Minkowski norms (see [2]).

Different metric spaces have different unit balls. For instance, the unit ball of the Euclidean
Metric on R2 is a circle of radius 1 centered about the origin; the unit ball of the Taxicab
Metric on R2 is a square with vertices on the x and y axes with edge length

√
2 centered

about the origin. The unit ball of a PFM on R2 is a convex polygon P .

Goals:
1. Better understand PFMs and how to compute PFM distances between two points.
2. Write code to calculate distances between two points in any PFM and to visualize

these distance calculations.
3. Understand how to find the lengths of paths from one point to another in PFMs.
4. Write code to find the lengths of paths from one point to another and to visualize these

paths.
5. Study shortest-length paths in PFMs and characterize the collection of shortest-length

paths between two points.

PFM Distance on R2

Our first goal was to come up with an algorithm for computing the distance from one point
to another in a PFM on R2. After experimenting and learning to compute these distances
by hand, we came up with Algorithm 1.

Algorithm 1 Calculate dP (p, q)

1: Take in points p, q ∈ R2

2: Take in convex polygon P
3: r := q − p
4: h := point of intersection of

−→
0r and P

5: dh := dEuc(0, h)
6: dr := dEuc(0, r)
7: λ := dr/dh
8: Return λ

Theorem 1. Algorithm 1 calculates the distance dP (p, q) for any p, q ∈ R2.
Proof. Take p, q ∈ R2. We know that dP (p, q) = λ where q − p ∈ λP . So ∃h ∈ P, λ ∈ R2

such that q − p = λh. Let r = (q − p). Notice h is the point of intersection of P
and

−→
0r. Then dEuc(0, r) = dEuc(0, hλ) = λdEuc(0, h) (because dEuc is linear). So

dEuc(0, r) = λdEuc(0, h) =⇒ dEuc(0, r)

dEuc(0, h)
= λ = dP (p, q).

We implemented Algorithm 1 in Python, adding some features that allowed for dynamically
inputting polygons and visualizing the algorithm. We produced the visualizations below.

Example 1. We can calculate distances in the L∞

metric (a PFM) by inputting the unit ball for the L∞

metric (shown in red). We calculated the distance
from p (blue) to q (green). The visualization shows that
when the unit ball is translated to be centered about
p, it must be scaled by a factor of 2 to reach q, so
dP (p, q) = 2.

Example 2. At right, we calculate
two distances in a PFM defined by
an asymmetric polygon P .
Notice that dP (p, q) 6= dP (q, p) – this
is an asymmetric metric!

PFM Length on R2

Theorem 2. Let γ = (x, y) : [0, 1]→ R2 be a continuously differentiable curve. The length
of γ calculated by breaking the curve into small pieces and adding those lengths is the
same as the length obtained by integrating the Finsler length. That is,

l (γ) = lim
n→∞

n∑
k=0

dp

(
γ

(
k

n

)
, γ

(
k + 1

n

))
=

∫ 1

0
dp
(
0, γ′(t)

)
dt

Approximation of lengths of parameterized curves
Algorithm 2 approximates the length of any parameterized curve in a given PFM by break-
ing the curve into thousands of small pieces and then summing the distances between
the endpoints of each small interval to get the total length.

Algorithm 2 Approximate l(γ)
1: Take in convex polygon P
2: Take in curve parameterization γ(t) = (x(t), y(t))
3: length := 0
4: t := 0
5: n := 0
6: ∆t := 1/10000
7: while n < 10000 do
8: distance := dP (γ(t), γ(t + ∆t))
9: length := length + distance

10: t := t + ∆t
11: n := n + 1
12: end while
13: Return length

Algorithm 2 approximates l(γ) for a parameterized curve γ : [0, 1]→ R2, γ(t) = (x(t), y(t)).
We implemented this algorithm in Python and produced the examples below.

Example 1.
We ran the program with the unit polygon for the Taxicab
Metric (drawn in red) and several different parameterized
curves from the pink point to the green point.
Result 1.
Distance from pink point to green point is ≈ 2.000.
Length of pink curve is ≈ 2.000.
Length of blue curve is ≈ 2.000.
Length of green curve is ≈ 2.000.
All three curves are length-minimizing!

Example 2.
Take the unit polygon P to be this irregular hexagon (red).
If we run the program with the curve γ(t) = (x(t), y(t))

where x(t) = t, y(t) = t− t3

3!
+
t5

5!
− t7

7!
+
t9

9!
on the

interval t : [0, 2π] the program outputs this visualization.
Result 2.
Distance from pink point to green point is ≈ 4.094.
Length of γ on the interval t : [0, 2π] is ≈ 5.799.
This curve is not length-minimizing!

Future Directions

Geodesic is a generalization of the notion of a ”straight line” to ”curved spaces”, which
refers to the length-minimizing curve. In the Euclidean plane, geodesics are straight
lines. On the Euclidean sphere, geodesics are great circles. We are interested in further
exploring the uniqueness and characteristics of geodesics in Polyhedral Finsler Metric
spaces.

Straight lines conjecture
A straight line between any two points is length-minimizing.

Length-minimizing paths in the Taxicab Metric
The blue box (right) is the union of the geodesic curves
from the pink point to the green point. Between the origin
and any vertex of the Taxicab unit ball, there is exactly one
geodesic curve.
Uniqueness conjecture
In a PFM, there is a unique geodesic curve from the origin
to a vertex of the unit polygon. From the origin to any non-
vertex point on the unit polygon, there are infinitely many
geodesic curves which lie in some polygonal region (like
the blue box).

Future goal
Characterize and study the uniqueness of the geodesic curves between pairs of points in
PFMs on Rn.
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